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ABSTRACT. Analyzing shape manifolds as Riemannian manifolds has been
shown to be an effective technique for understanding their geometry. Rie-
mannian metrics of the type H° and H' on the space of planar curves have
already been investigated in detail. Here, an H? metric is formulated which
in particular depends on the local bending of the curve rather than changes
in its local orientation. Since in many applications, the basic shape of an ob-
ject is understood to be independent of its scale, orientation or placement, we
consider the space of planar curves modulo similitudes. Equations of the geo-
desic for parametrized curves as well as for unparametrized curves have been
derived. Equations of gradient descent are given for constructing the geodesics
between two given curves numerically.

1. INTRODUCTION

One of the approaches to shape analysis is to study the Riemannian geometry of
the shape manifold. Exampes of this approach may be seen in [1-13]. In particular,
there has been a great deal of progress in understanding the geometry of planar
shapes exemplified by silhouettes and MRI. Mathematically, this space is the space
of smooth planar curves. Michor and Mumford have anaylized this space in consid-
erable detail. In particular, they derive the geodesic equation for a general Sobolev
metric. A more detailed analysis including the sectional curvature of specific met-
rics is carried out in [6,13]. Conformal versions of the H°-metric of Michor and
Mumford are studied in [6] while an H'-metric is studied in [13]. An H2-metric on
space of curves parametrized by the arc length has been formulated in [1].

It is useful to separate out the pose and scale of an object from its inherent
geomery. This leads us to study the space of planar curves mdoulo translation,
rotation and scale. An example of such a formulation is an H'-metric analyzed in
[13] by Younes et al. Although rotations have been factored out, the metric still
depends on local rotations of the curve. To obtain a metric which depends purely
on the bending and stretching of the curve, what is needed is an H2-metric. In this
paper, we construct such a metric and derive the geodesic equation. We also give
the equation of gradient descent for deforming a given curve into a geodesic.

2. SOBOLEV METRICS

Let Imm(S*, R?) denote the space of all C* immersions ¢ : ST — R2. The unit
circle S! is parametrized by 6. A tangent vector h at a point ¢ in Imm(S!, R?)
is just a vector field in R? along the image curve of ¢ in R2. Let v and n denote
the vector fields of unit tangent and unit normal vectors along ¢ and let s denote
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the arc-length. The infinitesimal arc-length ds = |cg| df. (A subscript denotes the
derivative.) As vector fields along ¢ viewed as a curve in the complex plane C,
v =c, and n = ic,. If a,b are vectors in R? and a - b will denote their dot product.
We note that the complex vector hg/cs = hs - v+ ihs - n

Let 3 denote the group of similitudes. Its action on ¢ as curve in C is given by
ac+ (8 where o, § are (complex) constants. The vertical vectors at ¢ of the quotient
map p : Imm(S1,R?) — Imm(S*,R?)/S have the form ac + 3. If h is a vertical
vector, then hs/c, is constant, that is, hs - v and hg - n are constant. We define
Y.-horizontal vectors at ¢ as

{hlh =hs-v="hs -n=0}

where the bar over a variable denotes its average value: f =1 [ fds, (= [ ds =
the length of ¢. The horizontal and the vertical vectors define decomposition of
the tangent bundle of Imm(S*, R?) into two subbundles such that the tangent map
T.Imm(S*, R?) — T Imm(S',R?)/% is an isomorphism when restricted to the
horizontal vectors. We identify the tangent vectors at p(c) with the horizontal
tangent vectors at c. The projection from the tangent space at ¢ onto the space of
horizontal tangent vectors is given by the formula

h+— h® = (h—h) — hs/cs(c —T)
Given a path ¢(t) in Imm(S!, R?), there exists a horizontal path ¢*(t) = a(t)c(t) +
B(t) where a(t) and B(t) are given by equations
a +acfes = 0
Bi+ (ac); = 0
such that c(t) and c*(t) project to the same path in Imm(S!, R?)/3.

We now define a bilinear form on the tangent space at c:

(o) = 5 [ (D o), DY (o) (DF (50), DY (m))ds, =1

C

where D, = d/ds and ¢ is the length of c. Note that h> - v = hy - v — hs - v and
h¥-n = hg-n—hg-n . Moreover (h,h) = 0 if and only if h is a vertical vector.
(m, h) is non-degenerate on the horizontal subbundle and defines a Riemannian
metric on it and hence on Imm(S*, R?)/3. The case n = 1 has been treated in [13]
using a representation of Imm(S!, R?)/% by grassmannians. Here we consider the
case n = 2. Since D" }(hE - v, hT -n) = D" Y(hy-v, hs-n) if n > 2,

(m, h) = ¢*"3 /(Dgfl(mS cv,mg-n) - (D H(hg v, hg -n))ds, n>2
Given a path c(t) : [0,1] — Imm(S*,R?), we define its length by setting

L(c(t)) = /0 N

The length of a path is invariant under the action of ¥ and equals zero if and only
if the path is vertical.
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3. GEODESIC EQUATION FOR THE H2-METRIC ON Imm(S!, R?)/%

Let c(t) : [0,1] — Imm(S*,R?) be a lift of a path in Imm(S*,R?)/%. We may
assume that for each ¢, the curve ¢(t) has unit length. Deformation of a curve by
a horizontal tangent vector preserves its length. We get the equation of a geodesic
by calculating the first variation of the energy

E(c) = %/0 (et ¢ty dt

Let m(t) be a field of horizontal tangent vectors along c¢(t), vanishing at its end-
points. We have the following formulas:

Dy, lesl = = (ms-v)lcgl, DmDs=—(ms v)Ds
Dpv = (ms-n)n, Dpn=—(mg-n)v
Dp(cts-v) = (ms-v)y, Dml(cs-n) = (mg-n);
1/t ) o df
DnE(e) = —/ Dm/ ((cs - 0)2 + (cun-m)2) Lt
2 /o S1 |cal

! do
= / / (Mg - v, Mg =), - (Cs = U, Crs - M)y ——dl
o Jst |cal

_%/01/51(7715.1;) ((ctsm)(%—l-(cts'”)g) i

[col

1
= —/ /(ms S0, Mg M), - (Crs - U, Cs - M), dsdl
0 c

dt

+% /Ol/c(ms 0)s D5 ((rs - 0)2 + (et ~n)§)0dsdt
- [ maeya

0

Here, the superscript 0 on a quantity means the quantity minus its average value:
f% = f —f. The operator D;' is uniquely defined by requiring that D5 *f = 0;
D;!f may be calculated efficiently by means of FFT. The symbol v denotes the

geodesic curvature of the path ¢(¢). An explicit expression for v may be derived as
follows.

(Vs 'U)s = (Cts - V)st — %Ds_l ((Cts U)g + (cts - n)g)O
('YS : n)s = (Cts : n)st
(cts - V)st = (Cts V)es — (Crs - V) (cs - V)s

= (Ctts v — (cts 'U)2 + (cts - n)2)5 — (cts - v)(cs - v)s

3
= <Ctts "V — g(Cts '0)2 + (s n)2>

(cts n)st = (crsn)ps — (crs - v)(crs - M)

= (cus - —2(ces - v)(cts - n)) g — (cts - v)(ces - 1)
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Let A be the complex vector

3

0
A = (5(0165 : 'U)2 + (Cts : TL)2> - %D;2 ((Cts : /U)g + (Cts ’ n)g)O]

i [(2(cts - 0)(ers - 1) + D7 (et - v)(es - ),

Since [ myds = 0, we have

0= a/(ms/cs)*c:ds = a/(ms/cs):Dgl(c:)ds forall a € C

C C

where the superscript * denotes the complex conjugate.

1
D, E(c)=— Re/o /(ms/cs): [(Ctts/cs) —A- QD;2(C:)]S ds

Therefore,
vs/es = (cus/es) — A —aD7?(cy)
Since we must have fc vsds = 0, set
B fc Acgds
B /. ‘Ds_l(cs)‘2 ds
Finally,
v =cy—D;' ((A—aD;?(ci)ec,))

A path c¢(t) is a geodesic if and only if v(c) = 0. A path c(t) may be deformed

into a geodesic by gradient descent: % o 7.

An alternative form of the geodesic equation may be obtained by integration by
parts:

<ma7> - /m ((75 'v)ssv + (FYS ’ n)ss n)s ds

for m € T.Imm(S!,R?). The geodesic equation may be written as

1
((Cts +0)sts? F (Crs - M) stsm = 5 ((cus - )2 + (cis -)2)" v) =0

This equation may be more conveniently written in terms of the "momentum”
vector u:

U = ((Cts ' v)ss v+ (Cts ' n)ss n)

As a vector field in C, u = ((¢ts/Cs)s5Cs) -

S

u = (—2¢s-v+ics-n)u
+ (_Cts N icts : TL)S (Cts/cs)sscs + ((Cts/cs)stscs)s

Substituting this in the geodesic equation

(I(ces/es)s]1?)cs
( s

N~

0= ((75/05)5505)5 = ((Cts/cs)stscs)s -
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we get
up + (205 - v —icis - n)u

== (_Cts -U+ Z.Cifs . n)s (Cts/cs)sscs

L ((leufelPe)

= i[(cts : U)ss(cts : n)s - (Cts : U)s(cts : n)ss

K 0
+3 ((cs - 0)2 + (s - m)2) Jes
. b
Since (3 )y v+ (- 1)y )7 7) = (00 + (7 1)y m)17) = 0,
the gradient descent equation takes form

Jdc

1
E X ((Cts . 'U)stsv + (Cts . n)stsn - 5 ((Cts : ’U)g + (Cts : n)g)o 1)>

P

4. GEODESIC EQUATION FOR THE H2-METRIC ON Imm(S!, R?)/(3, Diff(S1))

The group of diffeomorphisms Diff(S!) acts on Imm(S!,R?) by composition
from the right. The action commutes with the action of ¥ and hence Diff(S!) acts
on Imm(S1,R?)/%. The quotient Imm(S*, R?)/(3, Diff(S!)) is the space of un-
parametrized curves modulo similitudes which inherits a Riemannian metric making
the quotient map a submersion. The tangent bundle of Imm(S*, R?)/(%, Diff (S1))
splits into a vertical and a horizontal subbundles which are orthogonal with respect
to the metric on Imm(S!,R?)/¥. The geodesics on Imm(S?,R?)/(X, Diff (S1))
are just the horizontal geodesics on Imm(S!,R?)/¥. If a X-horizontal path in
Imm(S?, R?) is also horizontal with respect to Diff(S!), then its geodesic curva-
ture v is Diff (S1)-horizontal as well. The action of an infinitesimal diffeomorphism
corrreponds to a vector field of the bv along ¢ where b € R. A tangent vector
h € Ty(c) Imm(S*',R?)/% is horizontal

— (bv,h):/bv-((hs-v)ssv+(hs-n)ssn)sd5:o
— v'((hS'U)ssv—i_(hS'n)ssn)s:(hS'U)sss_ﬁ(hS'n)ss:O

where k = v, is the curvature of ¢. Therefore, the geodesic curvature -y satisfies the
equation ((vs - v),, v+ (s - n),,n), - v =0 so that

K 0
(Vs - V) ggv + (s - M)y ), = ((Cts V) stsh + (Cts * M) stss — 5 ((cts - 0)3 + (o5 - 1)2) ) n
The geodesic equation takes the form

K 0
(Cts : v)sts/f + (Cts . n)stss - 5 ((Cts . 1))? + (Cts . n)i)

Now if a path ¢(t) is horizontal with respect to Diff(S1), then u - v = 0 so that
u = an, a(t) € R. Therefore, in terms the momentum u, the geodesic equation
takes the form

at+2(cts - v)a = (Crs - V)ss(Crs - N)s — (Cts - 0)s(Crs - 1) ss
K 0
+§ ((Cts U)g + (cts n)g)

We may construct geodesics in Imm(St, R?)/(32, Diff(S1)) as follows. Given a
path C(¢) in Imm(S*, R?)/(3Z, Diff(S1)), lift it to a path in Imm(S*, R?) which is
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horizontal with respect to 3 as well as Diff(S!) and then deform it by the gradient
descent equation

by
% o ((Cts V) stshk + (Ces - 1) stss — g ((ces - 0)2 + (cus -n)i)o)

A horizontal path ¢(t) may be constructed as follows. Lift C'(¢) to a path c(t)
on Imm(S1, R?). We now construct a path o(t,60) € Diff(S*) such that co ¢ is
horizontal. Write ¢ (¢,0) = £(¢,0) o ©(t,0) and let n = |cp| €. Note that (co ), =
(ct +mv) o and Deoy(f 0 ) = (Dcf) o ¢ (see [3]). The path co ¢ is horizontal
with respect to Diff (S1)

= (et m), v~ rl(et ), ), =0
< Ln=(cts )sss — k(Cts - N)ss

where Ln = —1ssss + K(KeN)ss- The operator L is self-adjoint and it is positive
definite provided that ¢ is not a circle. Assuming that the path does not pass
through a circle, 7 may be calculated by minimizing

1

[ 302+ 02+ (e 0 = et ) s

by gradient descent. Then, integrate the equation ¢.(t,6) = &(t,0) o p(t,0) to
obtain ¢ and the horizontal path (co ¢)*.
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