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Abstract

We consider a nilpotent N ! N matrix B = Jp in Jordan form given by a partition P,
and a generic matrix A " N g, the nilpotent commutator of B over a beld K. The matrix
A is comprised of small blocks that are circulant (Hankel) matrices. R. Basili [Bas2] gives
an explicit description of N, in which certain auxiliary matrices A® for i " Sp, the set of
integersoccurring asparts in P, are nilpotent. R. Basili also showed, that in a suitable basisE
(depending on A), the auxiliary A‘ may be assumedupper triangular. Given E we then write
N 5,sp, for the variety Pan alne spaceb parametrizing such matrices A for which A® is upper
triangular in the basis E. After giving some examples, we debnein section 2 a generalized
transpose! p on certain block N ! N matrices Mat p(R),R any ring, that include those in
N g. We debnethe corresponding involution ! on the the coordinate ring K [X p] of N g, sp.
Then ! = ! p on the matrix ring K[A] (Theorem 2.12).

This result shows that the nonzero entries of each power A*, which are homogeneous
degree-k polynomials in K [A], satisfy certain symmetries, that underly (Corollary 2.13) the
ref3ection symmetries we described in [lal] for the non-negative integer matrix Pow(P):

Pow(P)u, = k# A%, $ 0,AL = 0,A" Np,.
We also debPnematrices Powx(P), and Powxe(P), the brst satisfying
POWX(P)uv = ALy | 8= POW(P)uy,

where A is genericin Ng . The matrix Powxe(P) corresponds to the maximal paths in
a digraph D(P) of nonzero entries of A - those paths not contained in a longer path b and
Powx(P) corresponds to the maximum length paths. In section 3 we give OtranslationOand
other relations among the entries of Powx(P) and Powxe(P). We also determine these matrices
algorithmically in two waysfrom P (Theorem 3.27,and Theorem 3.32). Theserelations parallel
the translation operations for Pow(P) introduced in [lal], and also the algorithm given there
for constructing the key blocks of Pow(P). Our construction of Powxe(P) shows that there are
further identities among the entries of A*, than the Hankel onesand the ! related symmetries
mentioned above.

We also determine a Omaximal elementO of Powxe(P), whose monomial terms are divided
by those of all entries (Theorem 3.28). This allows us to recover the result of P. Oblak
determining the index (largest part) of Q(P), which is the Jordan partition of the generic
A" Nz ([Oblak]).

The results suggestthat it could be of useto consider the involution determined by ! p in
bnding the rank of A¥, or, equivalently, in resolving the question of determining Q(P).
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1 Intro duction and Examples.

Let K be an algebraically closed field (in Section 2 we let K be an arbitrary ring). Let P be a
fixed partition of N, and write

P=(p1,...,pt),p1! p2! &84 p; or
P:(pzpl,__.i”i,_..,1n1),i:112,___,p11 (1.1)

the latter being the “exponential” notation in which nj = #{pkx = i}. Let N denote the integers,
and let Sp " N be the subset of integers that occur as parts of P

Sp:{ilni>0}; np:#Sp. (12)

Let B be the nilpotent Jordan matrix Jp of fixed partition P, and consider matrices in N, the
nilpotent commutator of B:

Ng ={M # Maty (K)|MB =BM, and MN = 0}.

R. Basili has shown that Ng is irreducible: she refined a result of Turnbull and Aitken [TurAit]
to show that A # N has a decomposition into small blocks that are of special form; each i $ ]
block has a maximal square subblock, that is Hankel and either upper triangular or strictly upper
triangular, depending on its position in A [Bas2]. For the generic element of Ng, the nonzero
elements of the first row of each i $ i small subblock in A (see below) may be chosen to be
arbitrary variables, subject to the conditions that np auxiliary n;j $ n;,i # Sp matrices A', each
comprising the leading elements (top left of the first row) of all the i $ i blocks (those in AM - see
(1.5) below) must satisfy _

A' is nilpotent ,i # Sp. (1.3)

Evidently (1.3) is an irreducible condition, since a generic element A' for each i is obtained by
conjugating the nj $ n; Jordan block Jn, by an arbitrary nj $ n; matrix.
R. Basili also showed that for a given A one may choose a basis for which

Al is strictly upper triangular ,i # Sp. (1.4)



[Bas2, Lemma 2.3]. When we fix such a basis E for K" in which B is Jordan, we write Ng sp
(understanding E), or Ng g for the matrices in the nilpotent commutator having the special form.
We will use both forms throughout this note. The special form may be used whenever we consider
the properties of just one matrix A # Ng, but the general form must be used when studying
properties of several matrices in Ng. (See also “Structure of G ”in Section 2.4).

We regard the matrix A # Ng as the union of (#Sp)? large blocks

Al (i,j)#Sp$ Sp, (1.5)

each large block Al is i an; $ j an;j, and is itself the union of n; $ n; small i $ j blocks, each
containing a mini, j $ mini, j square subblock that is upper triangular or strictly upper triangular,
according to position. Each such small block is also circulant (Hankel): every diagonal parallel to
the main diagonal of a small block has equal entries (see Example 1.2).

Debnition 1.1. Given a partition P the nonzero entries of the first rows of those A in special
form (1.4) comprise the variables Xp of K [Xp]. We will write Xy for the (u, V) entry of a generic
matrix A in Ng sp where B = Jp is the Jordan matrix of partition P. Thus Xy is either zero, or
an element of Xp.

The coordinate ring K [B] of Ng is by R. Basili’s theorem a quotient ring of a polynomial ring
comprised of variables for a general element of the commutator Cg, by the ideal of relations given
by the nilpotency conditions.

The notation of Aitken-Turnbull and R. Basili uses variables a}j , that transparently show
the block decomposition of A into its small blocks Ajj,1 % i,j % t, where t is the number of
parts of P (from (1.1)). R. Basili shows that the variety Ng sp, where a basis E has been fixed
and is understood, is an alne space [Bas2, Lemma 2.3]: the variables Xp may be taken as
algebraically independent unknonws. We will use this fact and as well the form of A # Ng from
[Bas2] throughout, without further detailed presentation here beyond Example 1.2 below. Note
that our notation Al from equation 1.5 is di"erent from the Aj and di'erent also when i = ]

from A' here.

Example 1.2. For P = (32,12) we have a generic A # Ng sp is (we give both notations below;
warning, a}} here denotes a variable, not a power!). See also Example 1.12.

! $ ! $
. 0 X12 X13 | X14 X15 Xig | X17 X18 8/ . 0 a%l a;l a%z a?z azz a%g a§4 9/
w00 X 0 X4 X 0 0 w00 a 0 aj, a 0 0
w0 0 82 0 (1)4 xii 0 0 ?} w00 (1)2 0 62 aﬁ 0 0 é)
:: 0 X42 Xa3 0 Xa5 Xae | Xa7 Xusg %::: 0 a%l agl 0 a%z a%z a%s 3%4%
w0 0 X2 0 0 Xxas| O 0 § w0 0 @ | 0 0 ap|0 o0 ﬁ
w0 0 0|0 0 0[]0 0 w0 0 0|0 0 O0]O0 0
0 0
#0 0 x3| 0 0 x| 0 xg g #0 0 a3 | 0 0 a,| 0 ai g
0 0 Xga| 0O 0 Xg| O 0 0 0 a;| 0 0 a,|[ 0 0

Thus Xp3 = X3 or a3, (the variable), and K [Xp] is a polynomial ring in 18 variables. The
analogous ring Kg is a quotient ring of a polynomial ring in 21 variables; but we will work
primarily with K [Xp] and a subring K [X1] defined in (1.10) below.



Here, by R. Basili’s result, M # Ng if M satisfies

! $
1 22 a3 | al. a2 a3 | al. A2
. an a%l a%l arp a%z a%z Az Ay 0
w 0 ay ap)| 0 ap ap | 00 f
0 0 a0 0 a,|o 0%
"I a2 a3 al. a2 a3 [al al ¢
M= @1 3%1 a%l az2 agz agz a3 Ay é
w0 ay ayn| 0 ap ap| 00 f
no0 0 ahy| 0 0 al,|o0 o0 %
3 3 T
#0 0 a3 | 0 0 a3, | 0 ai,
0 0 a4| 0 0 a,| o0 o0
1o
ap ap

with the condition that the auxiliary matrix Al = is nilpotent. The matrix M

a3 @
breaks into four large sublocks, as follows, with A33 being 6 $ 6. Note the labeling is by part, and
arrangement is by decreasing part.

6 2
6 AT A (1.6)
2 A13 All

We now consider powers AK of a generic A # Ng sp- P. Oblak has determined the highest power
of A that is nonzero, and further studied AX using graph theory [Oblak]. We have independently
(and subsequently) determined this power [BasIl, Ial] (see Corollary 3.29). We also have given an
algorithm [Ial, Algorithm 3.5] to determine the integer matrix Pow(P), defined as

Pow(P)y =k & AK, =0,AX" =0,A a generic element of Ng gp. (1.7)

Besides the Hankel condition on the small subblocks of AK, there are some further identities and
relations among the entries of AK (see Example 1.7). This note has two main parts. We first
identify an involution ! on the ring K [Xp] generated by the entries of A, that acts on AK as
a generalized transpose. This involution underlies some of these relations (Theorem 2.12). The
involution also underlies the “reflection” and some of the “translation” identities we showed for
entries of Pow(P) (see Corollary 2.13). However, we may still wonder

Question 1.3. Let A be generic in Ng sp. Is the rank of AKX the maximum possible given the
pattern of zero and nonzero entries of A?

See [Pol], which interprets this maximum as the capacity of a network determined by the
digraph of this pattern, and [KnZe, Theorem 2.3] which in e"ect describes certain minors of a
zero-one matrix of a give pattern, that have the maximal rank.

Remark 1.4. Concerning this question, let W be the generic matrix with pattern that of the
A above (thus, W does not satisfy the Hankel relations). It is easy to see that W is nilpotent.
Denote by Q(P), QW (P), respectively, the Jordan partition of A, W, respectively. It is clear that
the indices (largest parts) of Q(P) and QW (P) satisfy

index(Q(P)) = index(QW (P)),

(see Lemma 3.35). Consequently the answer to Question 1.3 is “Yes” when Q(P) has only two
parts (see [Bas2, Proposition 2.4] for the number of parts of Q(P)).

In the second part we study the matrices Powx(P) and Powxe(P) with (by definition) entries
in K [Xp]. Their entries are actually in a strictly smaller ring K [X1] that depends on P, and has
variables corresponding to atoms of the digraph corresponding to A (see (1.10), Lemma 3.2 and
Note 3.3".). Here A is the generic element of Ng gp in R. Basili’s special form.



Debnition 1.5. Given a partition P of N, and a nilpotent Jordan matrix B = Jp, we define an
N $ N matrix Powx(P) in Mat, (K [Xp]) by

Pows(P)uy = A, | k = Pow(P)uy ), (L8)
where A is the generic element of Ng gp in R. Basili’s special form. Thus Powx(P) satisfies
Powx(P)w = (A | (A9 =0 and (AX™1),, = 0. (1.9)
We also define the variables X1 = X1p and polynomial ring K [X1]" K [Xp], as
X1 ={Aw | Pow(A)y =1}, A generic in Ng p. (1.10)

We denote by Mx, = Mx,, (we will normally omit the subscript P) the matrix obtained by
replacing all entries of A not in K [X1] by zeroes. We let Powxe(P) to be the sum of powers

Powxe(P) = Mx, + M%, + &a+ M3, where s = index(Q(P))

We had a further observation concerning relations between the entries of Powx(P) that is not a
consequence of the involution ! . We denote by Pow(P)" the large block of Pow(P) corresponding
to the large block Al of A (see equation (1.5)).

Observ ation 1.6. Fixi. When a i $ i small block on the main diagonal of Pow(P)" has an entry
k, then the corresponding entries of all other main diagonal i $ i-blocks of AK, A generic # Ng sps
are equal. Also, the main-diagonal small i $ i blocks of Powx(P) are identical. Furthermore the
main-diagonal small i $ i blocks of Powxe(P) are identical.

We show this observation in Section 3 as a consequence of our determining the relations among
the small blocks of each matrix Powx(P) and Powxe(P). (Lemma 3.7).

Goal, Results.

The purpose of this note is to exhibit algebraic relations among certain entries of AK, where A
is a generic matrix in Ng sp. The relations underly the patterns of the matrix Pow(P) described
in the talk notes [Ial]. They include the symmetries arising from the involution !, and they may
need to be taken into account in any attempt to answer Question 1.3. These notes develop further
the patterns described in [Ial]. We don’t here repeat the extensive examples of Pow(P), nor the
discussion of Q(P) given in [[al] and the present [BasI1].}

We now give the organization of the notes. In Section 1.1 we give examples of the involution
I and the matrices Pow(P ), Powx(P), and Powxe(P) for several partitions where #Sp = 2 (two
distinct parts), and where Powxe(P) is particularly simple. In Section 1.2 we consider several P
for which either #Sp = 3, or the largest part of P has higher multiplicity than smaller parts.
Observations from these examples led to the later results.

In Section 2 we define the involution ! and show its properties. In Section 2.1 we define a
generalized transpose ! (a,t( a) on t$ t matrices (t will be the number of parts of P). In section 2.2
we consider partitions P = (m?,nP) and we extend ! (a,b) to a generalized transpose ! p on the
appropriate matrix ring Matp (R) of block matrices; we define ! on the ring K [Xp] (generated by
the entries of A) as the subsitution given by the action of | p on the generic matrix A # Ng sp. We
then show that ! and ! p agree on the matrix ring K [A] and on Ng sp (Lemma 2.9). In section 2.3
we extend these results to arbitrary partitions P (Theorem 2.12). In section 2.4 we describe some
further properties of ! .

1'We plan to use [Basll] for now only as source notes. We will replace it by a later version of this preprint, and
by a separate paper on “Commuting nilpotent matrices and Hilbert function.” The Montreal talk notes [lal] are
posted at http://www.math.neu.edu/-iarrobino/TalkMontreal.pdf, and are available from the authors.



In Section 3 we give our results concerning Powx(P) and Powxe(P). In Lemma 3.2 we show
that Powx(P) is the matrix of initial forms (top degree) of Powxe(P). We make the connection to
digraphs in Note 3.3 ". Lemmas 3.7 and 3.12 show how the large diagonal and o"-diagonal blocks
of Powx(P) and Powxe(P), are formed from certain key small blocks (Theorem 3.13). After giving
Lemmas relating the large blocks of Powxe(P ) we finally determine Powxe(P ) (Theorem 3.27). We
also determine the maximal entry of Powxe(P) (the longest paths in the digraph) (Theorem 3.28),
and show the result of P. Oblak giving the index of Q(P) (Corollary 3.29). We then give a second
method to construct CPowx(P) and CPowxe(P), essentially the key small blocks of Powxe(P),
quite similar to that given in [Ial] for Pow(P), and using an analogue here of the “)-product”
defined there (Theorem 3.32. In section 3.5 we discuss connections to the digraph determined by
the pattern of zero and nonzero elements of A or Pow(P); and we give some questions, remarks.

Note to reader . These notes are still in progress, and are still partly a record of our process. We
have tried to make them readable. Sections 2 and 3 prove patterns observed in the examples of
Sections 1.1 and 1.2. A reader may wish to look through the main results of these later sections
before going through the earlier examples.

Our guiding interest was to understand Q(P) given P, a question that has intrigued us for
some time, which has also been studied by P. Oblak and proposed by V.I. Panyushev [Oblak, Pan].
However, instead, we found a di"erent problem, that of determining simply the auxiliary matrix,
Powxe(P), corresponding to maximal paths in the digraph D(P), that we could solve. It remains
to see whether this knowledge of Powxe(P) will lead to a better understanding of Q(P).

1.1 Examples of an involution on K [Xp],A generic in Ng gp.

In the following, for several partitions P, with #S(P) = 2 we give examples of | , ! , the involutions
that are defined in Section 2; we also specify Pow(P ), Powx(P) and usually Powxe(P).

Example 1.7. Let P = (4,2,2), recall that the repeated two’s influence the 4-block of Pow(P).
Then A # Ng can be written

»
»

0 a aa az3|C C|C C 01 3 51 3|2 4
w0 0 a al|0 c|0 % w0 01 3|0 1|0 2%
::000a0000§ 1!00010000§
A_::ooo 00 0]0 0(/}) POW(P)_::ooooooooﬁ
_::00b3b4091ee2%’ _::00240213%'
--000@000e£ --00020001%

#0 0 b bpb|[0 d|0 o #0 0 1 3|0 1[0 2

00 0 b|0O 0]0 O 000 1/0 0[O0 O

Here Sp = (4,2), and #Sp =2, so the large blocks of A have the form
I A44 A42 (
A24 AZZ ’

with each large block being 4 $ 4. The generalized transpose ! p maps Pow(P)* to Pow(P)%*
by mapping equal 2 $ 2 small blocks of Pow(P)*? (as the block with first line (1,3) ) to the
corresponding block of Pow(P)?4. Tt also switches the 2$ 2 small blocks on the main diagonal of
A?2_ The involution ! , a substitution, can be read from the action of ! p on A. Thus,

Pib* ch* ¢,i=2340* 0.

We have K [X1] = K [a, b,c,d, €], the polynomial ring generated by the unknowns of A corresponding



to 1’s in Pow(P). We have
|

"0 0 a?+bsc+bg "1 0 ac+cg +dc | ce ", $
w00 0 a +c+bg |0 0 0 ce ?
00 0 0 0 0 0 0 f
Az_b 00 0 0 0 0 o o %
w00 be "3 0 de 0 egl+egz%
w00 0 be 0 0 0 0 é

#0 0 0 ab+b;d+bg |0 0 0 de

0 0 0 0 0 0 0 0

"1 =2aa; +byc+ e, +pes +bg, "2=ac3+ce + e+ e
"3 =ab + o + e+ be.

Then
L) ="11("2) ="a L((A®)74) = (A%)1e; ! ((A%)13) = (A%)1s.
Note that all entries 1 of Pow(P) correspond to zeroes in A%; and all entries 2 of Pow(P) correspond

to homogeneous degree 2 entries in K [X 1] of A%, as A2, = ce Also, there is equality of the diagonal
2-blocks of A?, consistent with Observation 1.6.

We have I $

0 0 bce # 0 cde|0 #
w00 0 bcelO 01]0 0 %
00 0 0 [0 010 O f
As_n 0.0 0 0 |0 01]0 0 é
=L00 0 T@#)|0 00 dez%
w00 0 0 [0 01]0 O g

#0 0 0 bde|0 01]0 0

00 0 0 |0 01]0 0

where

#, = a(a® + sc+ b)) +¢"'3 + boe + cz(ab+ byd + bg)
#, = ace+ ce(gy + Q2) + cade.

Thus, we have ! (#1) = #1, and similar symmetries among the other nonzero entries as for A2.
In A% there are three nonzero entries:

A2, =bd€, Alg=1! (A2, =cdé,
A1, = begac+cq + de) + (ce)(ab+ bd + bg) =! (A3,).

Also
det A* = ( A2, 4ATg = ( bede?,

which is invariant under ! . The single nonzero entry of A® is A3, = bcdé.
Recall the definition of the auxiliary matrix Powx(P) from (1.9). We have for P = (4, 2, 2)

0 a bce bcdé | c cdel|ce cdée o

w00 a bcel0 c |0 ce
n 00 0 a |0 00 o0 ;é
POWX(P):EE 00 0 0 [0 0]O0O O &
10 0 be bdé [0 de| e dez%
w00 0 bel|0O 0|0 e g

#7000 b bde |0 d |0 de

00 0 b |lo o]0 o




and

|

0 a bcet+a? bcdé +abceta | c cde+ac| ce cde2+ace$
w00 a bce+ a2 0 c 0 ce ?
D00 0 a 0 0 0 0 %

Powse(P) b 000 0 0 0 |o 0o %

"0 0  be bd€ +abe |0 de | e  d& ?3
w00 0 be 0 0 0 e é
#70 0 b bde+ ab 0 d 0 de

0 0 0 b 0 0 0 0

The entries of Powx(P) are the initial (top degree) forms of the corresponding entries of Powxe(P)
(Lemma 3.2). In the language of Defintion 3.20, " 4 = a," 2 = de, and " 4o = bce

Debnition 1.8. We introduce a compressed notation CPowx(P ). Here CPowx(P) is a #Sp $ #Sp
matrix, with one entry for each large block of Powx(P). The (q, p) entry of CPowx(P) is the length
p row vector that is the top row of the key small block of Powx(P ). See below and Definition 3.8.
[Note, this is analogous to a matrix CPow(P) described in [Basll, Ial], but there we considered
CPow(P) as a rectangular #Sp $ N matrix of integers, whereas here we consider it an #Sp $ #Sp
matrix whose entries are row vectors of integers.|

For g< p (so C% is below the diagonal), the key small block in Powx(P )% is the q$ p small
block in the lower left corner of the Powx%. [The entries in this small block have smallest degrees.]

When q = p we take any diagonal small block among the q$ q subblocks of the submatrix
Powx%,

We also include (so CP9 is above the diagonal) the top row of the p$ g small blocks of PowxP
in the top right corner of PowxP¥ for p> ¢. These are the highest-degree subblocks.

We arrange the top rows of these key blocks according to their relative positions in Powx(P).
We similarly define CPowxe(P) from Powxe(P).

For P = (4,2,2) we have in the compressed notation CPowx(P) and CPowxe(P) are. respectively,

0,a,bcdé | ce,cde 0,a,bce+ a?,bcdé + abce+ a® | ce,cde® + ace

0.a,bbe| 0de ' ™4 0,0,b,bde+ ab [ 0,de
Example 1.9. Consider P = (4,2,2,2). We have
!033233CC2C3C4C5C6$ !0147142536$
100 a @|0 c|0 &0 o 100 14/01/0 20 3%
::000aoooooo% 110001000000%
::ooooooooooﬁ ::oooooooooo?
"0 0 b B0 wle e|la o 200 3 6|0 3|1 4/2 5¢
A‘Eioo 0 b|0 0|0 e oglﬁ’Po‘N(P)‘§0003000102§'
::oob3b40d30"2ff2f ;;002502031465
--000b300000f§ --0002000001§
#7000 b |0 d|0 d] 0 "3 #70 0 1 4]0 1|0 2]/0 3
00 0 blo o|lo o|lo0 o 0 00 1|0 0|0 0|0 O
! 00 #0 #1 0 #2 ce #3 cgo + Cgf #4 $
. 00 0 #o 0 0 0 ce 0 co + csf ?}
"0 0 0 0 0 0 0 0 0 0 f
00 0 o |o o 0 0 0 o »
Aot O 0 eb+bg I(#) |0 dse+ dgi| 0 % of % %
I 0 ehy+ g | 0 0 0 0 0 ef f
" 00 bf '(#3) 0 o 0 dze+ dof 0 #7:!(#5)f
"0 0 0 b 0 0 0 0 0 0 ﬁ
#70 0 0 I(#) |0 0 0 de 0 dg: + dof
0 0 0 0 0 0 0 0 0 0




#y= a’+ bsc+ bycy + bg, #i = 2aax + chy + Cobs + C3by + caby + csby + cob, # = ac+ ¢y + c3ds + osd

#3= acz+ Cey + C3"2+ Csde #4 = acs + Co + C201 + csfo+ cuf + C5"3
#s=e"1+ e+ udy, #Hs= 1"+ efa+ e+ ef + 91”3, H#Hr=dsgi+ fUa+ "3
We define ! p in a manner analogous to the last example (see Defnition 2.7), and ! is the substi-
tution
I :b* ch* ¢,i=1,...,6;db* d3;e* f,eo* fr,c1* cs.
We have K [X1] = K[a,b,c,d,e,f]. The nonzero entries of the diagonal 2$ 2-blocks of A3 are

identical being each def. However, in A% the nonzero entries of the 2$ 2 block entries corresponding
to 4 in Pow(P) are conjugate:

(A4)58 = POWX(P)58 = dezf , but (A4)7110 = POWX(P)7’]_Q = def2 =1 (dezf )
We have " 4 = a," » = def," 4o = bcef (Defintion 3.20). For P = (4,2%), we have Powxe(P) is

€ 000000000

' 0 a bcef+ a®? bcdéf?+ abcef+ a® | c cdef + ac| ce cde’f + ace | cef cde*f? + acef $
w00 a bcef + a2 0 c 0 ce 0 cef %
"0 0 0 a 0 0 0 0 0 0 y‘?
» 00 0 0 0 0 0 0 0 0 9%
w00 bef bd€’f 2 + abef 0 def e de*f ef de?f 2 %
"0 0 0 bef 0 0 0 e 0 of %
"0 0  bf bdef? + abf 0 d 0 def f def? f
« 0 0 0 bf 0 0 0 0 0 f g
#70 0 b bdef + ab 0 d 0 de 0 def
0 0 0 b 0 0 0 0 0 0
For P = (4,2%) we have in compressed notation
0,a, bcef + a?, bedéf 2 + abcef + a3, | cef, cde’f 2 + acef (
CPowxe(P) =
0,0, b, bdef + ab | 0, def
IExample 1.10. Now we consider P = (4,2,2,2,2). Vs\ée lllave for A and Pow(P), respectively, s
"0 a; az az|e e |[fi fa|lgr g2 | ht  he 0 1 5 9]1 5|2 6|3 7|4 8
w0 0 a a |0 e |0 fy [0 g| 0O hgguwo0 01 5[0 1[0 2(0 3|0 44
w0 0 0 a0 0|0 O[O O|O0O 0 g@=wo0O0TO0OT1|0 0[0 0[O0 0|0 0g
0 0 0 olo o]0 oflO0O O 0 0 Eg w0 0 0 0l0 0|0 0|0 0]0 0§
w0 0 b by [0 ¢ |[d dp[dy dg|[din diz2 g8 O 0 4 8[0 4[1 52 63 7 g
0 0 0 b|O 00 di|0 d7| O diigp 0 0 0 4/0 0|0 1[0 2|0 3§
w 0 0 bs by 0 Cs 0 Co | d3 dyg | dg dig Eg’- 0 0 3 7]0 3|l0 4|1 5[2 6 g
w0 0 0 b|0 0[]0 0[O0 d3| 0O do g 000 3/0 00 0|0 1|0 25
m 0 0 bs bs| 0 cg|0 c |0 c3|[ds ds g8 » 0 0 2 6[0 2[0 3[0 4|1 5 g
w0 0 0 b|O0O 0|0 0|0 0|0 ds g+ 0 0 0 2[0 0/0 0[0 0[]0 13
#70 0 b; by |0 cCo| 0 C|O ¢ ] 0 ¢ & # 0 0 1 5|0 1]0 2|0 3]0 4 ¢
00 0 blO 0]0 0o|l0O O] O0 0 00 0 1/0 o|lo o|lo oflo o
We have
00 % & |oO $ euch $5 3 $: 4 g 3
w0 0 0 $o 0 0 0 e;d; 0 3 0 4 %
"0 0 O 0o |o 0 0 0 0 0 0 0 %
00 0 0o |o 0 0 0 0 0 0 o0 f
"0 0 4 1(8) 0 % 0 5 did; 6 3 7 f
A2+ 00 0 4 o 0 0 0 0 dids o 3 ¥
B " 0 0 3 7 0 cgds + ciodg 0 % 0 5 dszds 6 %
» 00 0 3 |0 0 0 0 0 0 0 dsds f
" 0 O byds 6 0 Ciods 0 csdy + cyds 0 % 0 5 f
» 0 0 0 b:ds | O 0 0 0 0 0 0 0 ﬁ
#7900 o0 5 |0 0 0 Crod: 0 Codr+cds| 0 %
00 0 0 0 0 0 0 0 0 0 0




% = cs5d; + cgdy + Ciod1q,
% = cgd7 + Ccgds + crds,

% = Csd; + Cgds + Cody,
% = Ciodi1 + Codg + C7ds.

$2 =aie; +e¢ +f165 + 091G + hiCio

We construct the involution ! p as in the previous example (see also Definition 2.7)
i ™ hybp* hobg™ gube* g™ fr e fo

b7 * e, bg* €,c0% €1, C* C3,C* C7,C3* Co,p ™

As described in Observation 1.6, in A* the non-zero entry of each of the four diagonal two blocks
is the same (C19d;d3ds). [Note in % compared with %, the Cipd1; term is symmetrically situated
outside of Cgds, so these are analogous terms. Describe this more genemlly. We have, in the
notation of Definition 3.20, "4 =a1," 2 = Cpdidsds," 4o = bydid3dse;.

ds,d> * ds,d7 * do,

K 5000000000

For P = (4, 2%) we have Powx(P) is
0 ai b7d1d3d581 byclodfdgdgel e Clod1d3d5e1 d1€1 Clod%d3d5e1 d1d3e1 c10d§d§d5e1 d1d3d5€1 cmdfdgdgel $
0 0 ai b;didsdse; 0 e 0 diep 0 didse; 0 didsdseq E
0 0 0 ai 0 0 0 0 0 0 0 0 g
0 0 0 0 0 0 0 0 0 0 0 0 g
0 0 b;d1dsds Wclodfdédé 0 C10d1dsds dq C10dfd3d5 dids Clodfdéds didsds Clodfdédé d
"0 0 0 brd;dsds 0 0 0 dy 0 did3 0 didsds  §
" 0 0 b7d3d5 b’7010d1d§d§ 0 Clod3d5 0 Clod1d3d5 d3 C10d1d§d5 d3d5 Clodldgdg 'E
0 0 0 byd3ds 0 0 0 0 0 ds 0 dsds g
0 0 b7d5 b7010d1d3dg 0 C10d5 0 C10d1d5 0 C10d1d3d5 d5 Clodldgdg E
“ 0 0 0 brds 0 0 0 0 0 0 0 ds g
#70 0 by brciod1d3ds 0 Cio0 0 C1001 0 C1od1d3 0 Crodidsds &
0o 0 0 b7 0 0 0 0 0 0 0 0
For P = (4,2%) the compressed matrix CPowx(P) is
' (

0,81, bydidsdses, bycyoddidée; | didsdser, croddidie;
0,0, bz, byc10d1d3ds ‘ 0, C10d1d3ds

Remark 1.11. Could the involution be related to the cyclic-cocyclic (so Gorenstein) structure of
K [A, B] for A generic [KoOb 07]. However, the involution is defined for all elements of Ng, not
just the generic one. It might be interesting to look at ! on the generic CI to check if there is any
connection with the the Gorenstein duality. Even if there is none, it would be of interest to look
at the associated graded algebra structure, and duality to see how it appears for A generic in Ng .

Note: the terms of A in a diagonal small i$ i block are comprised of contributions coming from
the di"erent parts p# P | 2i > p! 1: each contribution should have its symmetry, at the appro-
priate degree k, when the contribution is 0 in AKf? . So it is not just Powx(P) that has remarkable
symmetry but also many terms of AK. We should check, perhaps in P = (5%,32,1%),P’ = (52, 39%).
(Note: March 16,07: this is the symmetry of Powxe(P)).

An entry Powx(P )y, of Powx(P) may be non-monomial. See the next example.

W arning : In writing the matrices for A, when 1 # Sp, we do not give horizontal, vertical bars to
mark o" each part equal to one. For example, when P = (2,1, 1), we write Pow(P)

! $ ! $
0 3|1 2 0 3|1]|2
0 0 gf w0 0]0|0%
0 0
0 g, rather than #0210l é,
0 0 1/0]0

even though the second format more shows the parts clearly. The first format is simpler. It could
not be Pow(P’) forn P’ = (2( 2) as then Pow(P’)34.= (2), npt 1, and the lower left 2$ 2 block of

Pow(P’) would be i’ f » as here for P = (2,1,1).

o O

(1) , a Hankel block, not
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Example 1.12. Let P = (3%,12). Then

! $ ! $
Oalagdd2d3f3f4?/ 024135239/
w000 a|0 d d| 0 0 w00 2/0 1 30 0
::00000d00% 1100000100§
w0 C C|0 a as|f fao4 w0 1 30 2 4|1 24
A_fio 0 cl|0 0 az| o og’PO‘N(P)_§00100200§'
--OOOOOOOOé --000000005
#0 0 |0 0 e]|0 s #70 0 2/0 0 3[0 1
0 0 e|l0 0 e|0 O 00 1/0 0 2[00
Wehave ! :ag* ag,ax* as,e* f;e* fi,i=2,...,4, and K[X;] =K]c,d,e,f,s].
! $
) 0 cd $ |0 a;d+asd $ d d,+f3s
« 0 0 cd|O 0 aid+azd | 0 0 ?
w0 0 010 0 0 0 0 0
A2:55 0 0 %0 cd $=1%)]0 fs ?
w0 0 010 0 cd 0 0 é
w0 0 010 0 0 0 0 0
#70 0 es|o0 0 de, +e3s | 0 0 g
0 0 010 0 de 0 0
where

$; =a’ +cdy + Cod+efy +exfs, $ =1 ($)) = a3 + cth + cod + e3f, + eyf

$; = ad; + apd + agd; + asd + esf4 + esf3
$, = a1C+ azC + ef + ef
I 4 5 (
The key four entries of A%, corresponding to 3 4

0 c?d? + defs

and the nonzero entry of A% is A3 = c2d® + d?ef s, also not a monomial.

of Pow(P) are

2d? +defs 2cd(a;d + azd) + d (de, + e3s) + de(d, +f38) (

Note that for P = (32,12), the value of Pow(P )13 = 4, and is attained in two ways, reflected

in the two terms of Powx(P )13 below (see also Lemma 3.4).
For P = (32,12) we have Powxe(P) = Powx(P) and satisfies

»

(1.11)

|
"0 cd Ad?+defs|d cd? A +d2efs|d ds
w0 0 cd 0 d cd? 0 0
w0 0 0 0 0 d 0 0
w 0 ¢ cd+efs [0 cd Ed?+defs | f fs
Powxe(P)=» c 0 0 cd 0 0
w00 0 0 0 0 0 0
#0 0 es 0 0 des 0 s
0 0 e 0 O de 0 0

RSSSSKKKKKS

In the notation of (3.22) and (3.17) we have ¢ = ¢®3,d = b},e = c!3,f = c®,s = b}. Also, in the

language of Definition 3.20, we have " 3 = cd, and " 3; = defs.

As we shall show later, a maximum principle analogous to that for Pow(P) gives each entry!
For each entry Powx(P )y, of degree at least two, given its degree s = Pow(P ), > 1, choose

11



positive integers S1, S, | S1 + S2 = S, and write those distinct monomials that occur in products of
degree s; entries Powx(P)ui in the u row, and degree s, entries Powx(P)j, in the v column: the
sum of the product monomials is Powxyy . Of course there is redundancy as there are many ways
to write S; + S = S. Notice also that only the first variables in each small block ¢;,d1, ... appear,

not Cy,dy,.... See Section 3, in particular Lemmas 3.2 and 3.4.
For P = (32,12) we have in the compressed notation, CPowxe(P) = CPowx(P), and is
' (
0,cd,c?d? + defs | d s
0.0.e o (1.12)

Remark 1.13. Recall that the partition P stable means Q(P) = P (see Remark 1.4 for Q(P)),
and is equivalent to “P has no two parts that are equal or di"er by only one”: see [BasIl] for a
proof of the equivalence. In addition, P. Oblak and T. Kosir have shown that Q(P) is itself stable
[KoOb 07]. See also [Basl2] (forthcoming) for these topics, and [Pan].

It is easy to see that when P = kP71 where P; is stable: equivalently, when P satisfies

+k | ny>0, nj=Kki, and -i, nj &nj+; =0, (1.13)
then Powxe(P) = Powx(P). Here P = (52,3%) = 2P; with P; = (5, 3), and P; is a stable partition.
Example 1.14. Let P = (3%,1%). Then

! $ ! $
§ 0 a4 ax|d dy d3|fs f5 fey § 0 2 5|1 3 6|2 3 4?
w0 0 a0 d d|0 0 0 w0 0 2/0 1 3/0 00
:100000d000£ 11000001000£
::OCCZOagmffzfg% 1!014025123%
A=+ 0 0 c|0 0 a3|0 0 0 E,&Pow(m:ll 00 1[0 0 2[0 0 of.
Iiooooooooosﬁ Ilooooooooof
--00e300e50332§ --003004012%
#0 0 &[0 0 es|0 0 t #0 0 2/0 0 3|0 0 1
0 0 e|l0 0 e&|0 0 O 00 1/0 0 2[0 0 0
! $
} 0 cd $; 0 a;d-+azd; $ d d,+fss "
w00 cd 0 0 ad+azd | 0 0 0 ?
w0 0 0 0 0 0 0 0 0 0
w00 $4 0 cd $=1($)]0 fs fsz+f2t%
A2=u 0 0 0 0 0 cd 0 0 0 %
w00 0 0 0 0 0 0 0
"0 0 e +es]|0 0 M) 0 0 st %
#0 0 et 0 0 de; +est | 0 0 0
0 0 0 0 0 de 0 0 0
where

" =d34TfsS +fst
$, = af + cdp + Cod + f4e3 + 56, + fge,
$, = a3 + cth + Cod + esf 3 + esf 5 + esf =1 ($1)
$3 = a1, + apd + ayd + azd; + f4€5 + fse5 + ol
$,=a;c+azc+fez+frep+fze

' (

The $’s are situated relatively il %
4
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We have the involution
I ta;* ag,a* ag;e* f;e* fj,i=1,...,6;8* t.

For A? there appears to be only a single involution ! acting on the entries, a combined one involving
both parts 12 and 32. The separate candidate involutions for each of A3%, A: for example &: s* t
for 13, and ! & for 3% don’t seem to act independently on the entries to give symmetries.

However the two “reflected” entries of A%,

Adg =dest, Al =d st =1 (dest),

each are invariant under & but they are interchanged by ! & This is mysterious.
The key entries of A% (take the top right entry of gach 3 $3 blgck as written, grouping the 13

5 6 4
blocks together) corresponding to the Pow(P) entries # 4 5 3 & are
3 4 2
! $
#1 o d st
Akey =7 efst | (#) &

0
0 dest 0
where #, =1 (#,), ef st =! (ef st) are symmetric, dest="! (df st), and with

# = Cd® + d (e + €5) + et(d, + f45)
#y = 2cf(ag +az) +d (! (") +de" + (d, +45)(dey + egt)

In A the diagonal 3$ 3 diagonal block entries of vanishing order five are the same,
A3, = A = defst,

as predicted by Observation 1.6. They are also symmetric under both & and ! &
For P = (32,1%) we have Q(P) = (7,2) and Powxe(P) is

|

0 cd defst+c2d?|d cd® defst+c2d®|d ds dst $
w0 0 cd 0o d cd? 0 0 0 ?
"0 0 0 0 0 d 0 0 0 %
w 0 c efst+c?d |0 cd defst+c?d® [f fs fst %
0 0 c 0 0 cd 0 0 0 f
w0 0 0 0 0 0 0 0 0 f
w0 0 est 0 0 dest 0 S st é
#0 0 et 0 0 det 0 0 t

0 0 e 0 0 de 0 0 0

Here "3 = cd and " 3; = defst. In the compressed notation, we have CPowxe(P) is
0,cd,c?d? + defst | d st (
0,0,e | 0

13



Example 1.15. Let P = (33,1%).
!

Then the generic A # Ng gp is

&+

0 ap ap|d dpy d3g|dy dg dg |fg fip f11 fio ¥
w00 a|0 d d|0 d7 dg|0O 0 0 0 Sg
» 0 0 0|0 0 d|O 0 d [0 0O 0 0 @
" 0 ¢ |0 a3 a4 d d5 de fs fg fs fg ‘ég
"m0 0 ¢|0 0 ag|0 d ds|0 0 0 0
» 0 0 0/0 0 0[O0 0 d]0O 0 0 0 @
" 0 ¢ G |0 c3 ¢ | 0 a ag |f fo fs fa Eg,
» 0 0 c|0 0 c|0O 0 a|0 0 0 0 @&
» 0 0 0/0 0 0[O0 0 0]0 0 0 0 g
0 0 e |0 0 e|0 0 ep|0 s s s df
"0 0 e|0 0 e|0 0 es|0 0 t s5 8
#0 0 &|0 0 e|0 0 eol0 0 0 u&
0 0 el0 0 e|0 O & |0 0O 0 0
where K [X;] =K [c,d,e,f,s,t, u] and the involution ! is
l:a1* ag,ax* a5, C* C3,C0* Cq,d* d/,dz* d5,d3* dg,s* u;
e* f,.e* ;,2%i %12.
Here Pow(P) is | $
0 3 7|1 4 82 5 9[3 4 5 6
w0 0 3/0 1 4/0 250000
» 00 0/0 0 1/0 0 2/0 00 0§
» 0 2 60 3 7|1 4 8[2 3 4 5¢
» 00 2[00 3/0 1 4(0 00 0gp
» 0.0 0/0 0 0[0 0 1[0 0 0 0f
w0 1 5(0 2 6[0 3 7|1 2 3 4g8.
» 00 1[0 0 2/00 3[000 0g8
» 0.0 0/0 0 0/0 000000
“ 00 4]0 0 5/0 0 6|0 1 2 38
» 00 3/00 4/0 0 5[0 0 1 248
#0 0 2/00 3/00 4(0 00 1&
00 1|0 0 2[00 3[0 00 0
For P = (33,1%), letting # = (cdd + estu), we have Powxe(P) is
|
"0 cdd cdd&|d cd*d cdd'&|dd cdd? cd?d'?& | dd'f dd'fs dd'fst dd'fstu
» 0 0 cdd [0 d cd®d |0 dd cPd’ | 0O 0 0 0
» 0 0 0 [0 0 d 0 0 dd' 0 0 0 0
"0 cd cd& |0 cdd cdd& | d cdd® cdd’& | df dfs dfst dfstu
"0 0 cd |0 O cdd | 0 d cdd'? 0 0 0 0
w0 0 0 |0 o© 0 0 0 d 0 0 0 0
S c& [0 cd cd& 0 cdd cdd & f fs f st f stu
= 0 0 c 0 O cd 0 0 cdd 0 0 0 0
"0 0 o |0 o 0 0 0 0 0 0 0 0
0 0O westu|0 O destu | O 0 ddestu | O s st stu
w0 0 etu |0 O detu 0 0 dd'etu 0 0 t tu
#0 0 eu ([0 O deu | O 0 dd eu 0 0 0 u
0 0 e 0 O de 0 0 dd'e 0 0 0 0
The compressed CPowxe(P) is .
0, cdd, cdd# | dd'f stu (
0,0,e 0 :
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The analogous Powx(P) and CPowx(P), respectively, are the matrices each entry of which is the
top degree monomial of the corresponding entry of Powxe(P) or CPowxe(P), respectively. Note
that, according to Lemma 3.12, the relative position of the K [{X1}] variables is also needed to
reconstruct Powx(P) and Powxe(P), whereas Pow(P) is reconstructed from CPow(P) directly,
just using the reflections, translations, and the star product [BasIl, Ial].

Example 1.16. Let P = (3,2). Then we have

! $ ! $
0 ag a2 |C © 0 2 4|1 3
w0 0 a |0 c & !!00201?
A=w 0 0 0[]0 0 g,Pow(P):: 00 0/0 oﬁ.
#0 d d,[0 b #0 1 3[0 2
0 0 djo 0 0 0 1‘0 0
We have ] $
0 cd a2+4cth+cd|0 (a;+b)c
n0 0 cd 0 0 %
A2=u 0 0 0 0 0 %
#0 0 (aa+bd |0 cd
0 0 0 ’o 0
For P = (3,2) we have Q(P) = (5),! = identity, and Powxe(P) = Powx(P) and satisfies
|
"0 cd Ad?|c czd$
w0 0 cd |0 c ?
Powxe(P)=+ 0 0 0 |0 0 ﬁ
#0 d o |0 cd
0 0 d |0 o

1.2 Some examples with mixed multiplicities.

In this section we give examples of Powx(P), usually when np = #Sp = 3, and the multipicity of
the largest part of P is at least that of smaller parts. We particularly are interested in whether the
behavior of small blocks can be seen from CPow(P) and the X1 variables alone, that is, do all the
small blocks in the large block Powxe(P)! arise from translation (multiplication or division, from
the first row of the key small block in CPow(P). When there are several terms in the entries of a
block, coming from di"eren t sources of maxima in Pow(P), do the small blocks translate, each as
a unit? See Section 3.2 for our conclusions.

Example 1.17. Let P = (62,4°,22) with a! b. Then the diagonal 4-block of Pow(P) is
(0,b,a+ b,2a+ b).

There are monomial terms in each of the last two entries of the (top row of) the 4-block of
Powx(P) arising from both the 6-blocks and the 2-blocks, since these terms have the same degrees
(a+ b,2a+ b) given by the diagonal 4-block of Pow(P).
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Example 1.18. Let P = (32,2,12). Then we have A and Pow(P) are
| |
'Oalagbb2b3d3d4f5f6$ 0361472534$
» 0 0 a|0 b bh|O0 d|0 0% » 00 3|01 4/0 20 0%
» 0 0 0|0 0 b|O 0]0 0 » 00 0/00 1|0 0|0 O
::OCl cc |0 a3 a4 d dy|fs f4cg ::0250361423(;3
_n" 0 0 ¢ |0 0 a|0 d|O 0 _» 0 0 2/0 03[0 1|0 0gp
A=Y 0 0 0]o 0 0|0 o]0 oEg'POW(P)‘lJooooooooooEg'
n 0 e &[0 e e|0 a|f fsdf w0 1 4]0 2 5|0 3[1 2¢
"0 0 e|0 O e|0 O[O0 O " 00 1/0 0 2|0 0|0 04}
#0 0 g|0 0 g|0 g|0 s & #0 0 3|00 4/0 2|0 1&
0 0 gs|0 0 gs|0 g|O O 0 0 2[00 3|0 1|0 0
We have for !,
a1 * ag,a* a,d* ed * e,f* g,fi* g, and otherwise fixes the entries of A.

For P = (32,2,1?) we have Q(P) = (8,2) and Powxe(P) = Powx(P) is
!

0 bde KPd’€® + bdefgs | b kPde b*d?€? + kPdefgs | bd kPd?e+bdgs|bd bds $
w00 bde 0 b kPde 0 bd 0 0 @
w00 0 0 0 b 0 0 0 0 @
w 0 de b’ +defgs [0 bde B?d’¢* +bdefgs | d bde+dgs | d ds ¢f
w0 0 de 0 0 bde 0 d 0 0 @
w0 0 0 0 0 0 0 0 0 0 @
w0 e bdé +efgs |0 be Pde? +befgs | 0 bdetfgs | f fs ¢f
"0 0 e 0 0 be 0 0 0 0 &
#0 0 egs 0 0 beg 0 gs 0 s &

0 0 eg 0 o0 beg 0 g 0 0

In the notation of Definitions 3.6 and 3.8 we have b= b},d = ¢*2,e = ¢23,f = ?!,g=c'?,s = bl
Also (Defintion 3.20), " 32 = bdeand " 1 = f gs.

Example 1.19. Let P = (4,4, 2). Then we have

|
'0246135724$
:10024013502?
110002001300%
:10000000100§
w0 1 3 5|0 2 4 6|1 3¢
POW(P)110013002401§'
550001000200%
--0000000000%
#7001 3/0 0 2 4]0 1
000 1/0 00 2[00
For P = (4,4, 2) we have Powxe(P) is
! 0 cd c2d?>+ cef cd®+ c?def + beef | ¢ c2d c2d?+ c2ef  c*d® + cPdef + bdef | ce c2de+ bce$
w0 0 cd c2d? 0 c c2d cd? 0 ce %
10 0 0 cd 0 o c cd 0 0 ?ﬁ’
"0 0 0 0 0 0 0 c 0 0
w 0 d_cd®+ ef P+ cdef + bef |0 cd c2d®+ cef P+ c?def + bcef | e cde+ beé
0 0 d cd? + ef 0 0 cd c2d? + cef 0 e f
"0 0 0 d 0 0 0 cd 0 0 2/;
"m0 0 0 0 0 0 0 0 0 0 g
#70 0 f cd + bf 0 o0 cf d + bef 0 b
0 0 0 i 0 0 0 cf 0 0

[
[=p}




Here the involution ! on X; = (b,c,d,e,f ) satisfies ! (e) =f and fixes b,c,d.

Example 1.20. Let P = (5,5,3). Then we have for A and Pow(P),

»

|
0 a4 a a @& |C C C C C5|€ € 6 5
w0 0 a a a|0 ¢ c c |0 e es ?
"0 0 0 a a|0 0 ¢ G e |0 0 eAf
!!0000a1000cc2000f
::000000000c000§
ffoddzd3d40asa6a7aseezea%
A:::O 0 d d d3|0 0 as ag ay | 0O eeg%,
::000dd2000&5&6003f
::0000d0000a5000f
:ooooooooooooof
w0 0 f f, fz|0 0 f4 fs fe| 0 bbzé
#0 0 0 f f,|0 0 0 fs f5|0 0 b
00 0 0 f|l0O O 0 0 fs/0 0 0
|
'0246813579246$
::0024601357024?
550002400135002%
..0000200013000§
» 0000 0/0000 1000
550135702468135%
Pow(P):::oo13500246013§.
::0001300024001§
::0000100002000§
::ooooooooooooof
--0013500246013§
#0001 30002 4[0 0 1
000 O0T1/0000T2/000
For P = (5,5,3) we have Powx(P) is
|
0 cd d?2 A Ad* |c Ad Ad?2 A SBdt | ce 2de cBd2e
w000 cd Ad? AR |0 ¢ Ad Ad? AP |0 ce c3de
w0 0 0 cd cd2 |0 0 c cd 2|0 0 ce
w00 0 0 cd [0 0O O c cd |0 o0 0
w0 0 0 0 0 [0 0 0 0 c |0 O 0
w0 d o ER B |0 cd EdZ SR Ad* [ e cde AdZe
w0 0 d cd |0 0 cd A2 SR |0 e cde
w0 0 0 d cd |0 0 0 cd B0 0 e
w00 0 0 d |0 0 0 0 cd [0 0 0
w0 0 0 0 0 |0 0 0 0 0 [0 0 0
w0 0 f of CEdf|0 0 cof E&d S |0 b cef
#0 0 0o f cd |0 0 0 cf c&E&d [0 o0 b
0 0 0 0 f 0 0 0 0 c |0 o 0

The compressed CPowx(P) is (here from Definition 3.20 "5 = cd," 3 = b," 53 = cef)
0, cd,c?d?, 3 d®, c*d* | ce,cde,c?d’e (
0,0,f,cd, c2a?f 0, b, cef '
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For P = (5,5, 3) we have Q(P) = (10, 3), and the matrix Powxe(P) satisfies (see equation (3.7),

we give only the first rows of each small block, so the displayed matrix is 3$ 13):

|

"0 cd c®d?+ cef c*d®+ c*def + becef cld*+ cPd’ef + bddef + c2e*f 2+ bPcef | ¢ c2d cPd?+ c’ef c'd® + cPdef + blef
# 0 d cd?+ ef c’d® + cdef + bef cd? + c?d?ef + bedef + ce’f 2 + bPef 0 cd c?d?+ cef c3d®+ c?def + bcef

0 O f cd + bf c2d*f + bed + cef? + bf 0 O cf cd + cbf

Example 1.21. Let P = (6,4,4). Note that the variables X1 defined from P (see (3.2)) and their
relative positions depend only on the sequence of nonzero elements (n;j),i # Sp) in descending
order of i and adjacency info for Sp (Note 3.1). Thus we may label them the same for (6,4,4) as
(5,3,3). We now give the four entries of the first and last rows/columns of Powxe(P) in the same
format as that for (5,3,3) (but omitting the 5 intermediate entries). This illustrates the diagonal
going-up and going down lemmas 3.23, and 3.24. We have for these entries of Powxe(P),

0 cd c2d®>+ cef c3d®+ c?def + beef c*d*+ c3d?ef + bdef + c?e*f 2+ bPcef c°d® + cldef + bd?ef + c*de’f 2 + bPc?def +
0 O f cdf + bf c2d*f + bed + cef? + b*f cd®f + bcef? + c?def? + b&d*f + b’f

Example 1.22. Let P = (5%,32,1%). Then, we use semicompressed notation in recording just the
first rows. A is (first rows of small blocks only, we’ll term this SC(A) if we need to distinguish
row-column numbering for this format, so the entry SC(A)3 4) = d3 = A11,4)

! 0 ag a2 az3 ag | C C2 3 Cq Cs | C6 Cr Cg Co Cio | €13 €14 €15 | €16 €17 €18 | 013 Jia Jis $

0 ds ds¢ dy dg |0 as ag ar ag | ¢ 0!2 C!3 0!4 C!5 er es € |€o0 €1 12 [Gio Gu1 Y12
"0 d dp d3 da |0 ds dg dr dg | 0O ag a0 a1 a2 | € e e | e e e | g 08 Qo Eg
w0 0 fyg f5 fe [0 0 fio fix fia |0 0 fig fir fig | 0 b b2 [ v va vi[ds 05 O 9
:: 0 0 f f2 f3 0 0 f7 fg fg 0 0 f13 f14 f15 0 u Uo 0 b3 b4 g J2 U3 53
;_# 0 0 0 0 hg |0 O 0 0 his 0 0 0 0 his 0 0 hs 0 0 hg 0 S So i:)

0 0 0 0 hg|0 O 0 0 hi1 0 0 0 0 hi4 0 0 ho 0 0 hs 0 0 t ¢

0 0 0 0 h7 | 0 0 0 0 hio 0 0 0 0 his 0 0 h 0 0 hy 0 0 0
Note. In multiplying matrices M,M’ # Np using this semicompressed first row only format it
may help to think of the star product introduced in [Ial] (see Definition 3.31 below). Thus the
entry SC(A?), , (it is the ¢'d in Powxsc(P) below) is from the star product

(¢, ¢, ¢5,Cy,C"5) )2 (0,d,dp,d3, dg) = ¢'d + ¢, &0 + ¢4 &0 + ¢, &0 + ¢5 &0 = C'd,
while all other star products involved are zero. The products from rows/columns of small blocks
of A giving SC(A?)s5 20 = UV = A1g 20 has as only nonzero starproduct,
(0,u,u2))2 (V,V2,V3) = uVv.
The star product must be used for small blocks: since the entry Powsc(P)1,24 = 7 below stands for
a 1$ 1 block of Pow(P), the star product of any row beginning with zero with this block is zero.
We have for Powsc(P) (the first rows of small blocks of Pow(P)) is

I

"0 36 9 12|1 4 7 10 13|2 5 8 11 14|3 6 9|4 7 10|5 6 7 $

w0 2 5 8 11|0 3 6 9 121 4 7 10 13|2 5 8|3 6 9|4 5 6 ?’

w01 4 7 100 2 5 8 11|0 3 6 9 121 4 7|2 5 8|3 4 5 &8

110025800369004710025136234%

«~ 0014 7/002 5 8(003 6 9/01 4|0 2 5|1 2 3 %

« 0 OO0 0O 5/0 0 0 O 6|0 0 0 O 7/0 0 3/0 0 4|0 1 2 g

#0000 4/000 0 5/0000 6|/002/00 3|00 1

0000 3/000 0O 49/000O0 500100 2j000
For P = (5%,32%,13), the first rows of small blocks of Powx(P) are

1 ) . ; . ) f
T 0 cdd c2c?d?  c3cPdd cAcdt | ¢ c2dd  c3c¢'?d? cicdPd® oSctdt | ed  c2c'?d c3ctPd? cActtdd cBctPdt | cde  c2c

0 cd cc?d2 c2c3d®  3ctdt |0 cdd  c2c?d? c3¢Pd® ciddt | ¢ cd2d  c2¢'Pd? c3ctdd cictPdt | de cc'2
n 0 d cc'd?  c2c?d3  3c¢Pdt |0 ed  c2cld?  c3cZdd ctdBdd | 0 odd  c2d?d? c3cPd® cicttad e cc'
"0 0 fv cc'dv  c2c%d%fv | 0 0 cfv c2cddv  c3c%d%fv | 0 0 cdfv  c2d?dv c3c3d2fv | 0 U
"0 0 f cc'df c2cd?d?f o 0 cf c2dd  c3c?%d2f | o 0 cc'f c2c'?d c3c'3d2f 0 u
;# 0 0 0 0 f hstv 0 0 0 0 cf hstv 0 0 0 0 cC'f hstc 0 0

0 0 0 0 f htv 0 0 0 0 cf htv 0 0 0 0 cc'f htv 0 0

0 0 0 0 f hv 0 0 0 0 cf hv 0 0 0 0 ccf hv 0 0
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2 The involutions ! on K [Xp], and !p on G.

Let B be the Jordan matrix of partition P and A generic in Ng sp, the subvariety of the nilpotent
commutator of B having a special form with respect to a given basis E. In this section we define
an involution ! on the ring K [X] generated by the entries of A; we also define a generalized
transpose ! p on the matrices in Ng. We show that these actions agree on the matrix ring K [A]
of polynomials in A, but they extend to distinct involutions on Ng sp.

We assume unless otherwise specified, that A # Np 5o has for a basis E the special form
described in [Bas2, Lemma 2.3], where certain auxiliary matrices Al i # Sp are upper triangular.
But the arguments concerning the existence and properrties of ! p may be extended to all the
commutator of B (Corollary 2.14).

For now we let K, R be arbitrary commutative rings.

We begin in Section 2.1 by defining a generalized transpose ! p (a,t ( @) on the ring Mat; (R)
of t $ t matrices with entries in the ring R. We let M # Mat (K [Y]),M = (yw),1 %u,v %t be
the generic matrix whose entries are the variables Y = {y,,}. We define an involution ! (a,t ( a)
on Mat; (K [Y]) as the substitution of variables in the ring K [Y] that coincides with ! p (a,t ( &)
on M. We note that the actions of ! (substitution) and ! p (a generalized transpose) are — not
surprisingly — the same on the matrix ring K [M ] generated by M (Lemma 2.4). In Section 2.2
we consider partitions P = (m?, nb) and define analogously the involutions ! p on an appropriate
ring of N $ N block matrices, N = am + bn, and ! on the ring K [Xp] generated by the entries
of a generic element A # Ng . We then show that they agree on the ring K [A] generated by A
(Lemma 2.9). In Section 2.3 we generalize these results to arbitrary partitions P (Theorem 2.12).
In Section 2.4 we describe some further properties of ! and ! p.

2.1 A generalized transp ose on Mat;(R).

Here t will be the number of parts of P, and we will later extend this definition to block matrices
with t? blocks of compatible sizes, that must satisfy a condition.

Debnition 2.1. Let a,b be positive integers, set t = a+ b. Given a ring R we define ! p (a,b)
(P is for “partition”, here just (@,b)), on U # Mat;(R) as the following conjugation of the usual
transpose UT of U:

lp(a,b):U* &UT&?L,

where & is the involution in the symmetric group S; given by
"= ((1,2)(2,2a%1)3,a%2),...,(&/2 ,a%8&/ 2 ))d(a+ L t)(a+ 2,t%1)...,(a+ &/2' ,a+ b%&/2').

Let M be the t$ t matrix M = (yyu | 1 %u, v %t) with entries the variables y,, of the polynomial
ring K[Y] = K[{yw.1 %u,v %t}] over K. We fix an integer a,1 % a < t. We define ! (a,b) on
the polynomial ring K [Y] as the substitution obtained from the action of ! p (a,b) on the matrix
M # Mat; (K [Y]), and we extend ! to Mat{ (K [Y]). We have

Yo * VYan —v,a+1 —u if 1 %u,v %a;
P@ab):, Yow * VYart—vart—u ifa+1%u,v%t=a+b (2.1)
" Yuv ¥ Va1l —vit+a+1—u ifa+1%uU %t 1%V %a.

Remark 2.2. The action of ! p (a,b) on M # Matt(R).

a. reflects the entries in the a$ a block M 1! comprising the upper left a$ a corner of M about
its lower left to upper right diagonal;
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b. reflects the entries in the b$ bblock M 22 in the lower right corner of M about its lower left to
upper right diagonal;

c. Sends the b$ a block M 2% in the lower left corner of M into the a$ b block M 2 in the upper
right corner of M by transpose followed by reversing the order of rows, then reversing the order
of columns.

' (

M 11 M 12
M 21 M 22
Block decomposition of M .
We distinguish between ! (a,b) which acts a substitution on K [Y] hence on matrices with entries

in K[Y], and ! p (a,b) which acts as a generalized transpose on Mat(t, R), R any ring.

Example 2.3. The involution ! p (2, 3) takes

! $ ! $
a b |"y "L "y d b|"s "s "6
Po ol lig bcoaltty s
" n 3 n 6 e f g % tO " n [3 n /6 m J g %.
# vy sl h 0 A

“po"alk 1m "4k ho e

The action of ! (2, 3) on the ring K [Y] (the variables of either matrix above) is
1(2,3):a* d;"i* "{,1%i %6, e* mf* j,h* I

We denote by K [M] the subring of the matrix ring Mat; (K [Y]) consisting of polynomials in
M. We fix a, and write ! ,! p, respectively, for ! (a,b) and ! p (a,b), respectively.

Lemma 2.4. Let U,V # Mat;(R). We have

lp(U)& p(V)="!p(VU). (2.2)
Let U,V # Mat; (K [X]). We have
LUV) =1 (U)a& (V) (2.3)
Let U# K[M]. Then
L(U)="!p(U). (2.4)

Proof. The equation (2.2) is immediate from the definition of ! p (a,b) and that R is a commutative
ring. Then (2.3) is immediate from the definition of ! (a,b) as a substitution. (2.1) follows from
the first two and an induction on the degree of U as a polynomial in M . !

Note that the assumption that R be commutative is necessary for (2.2).

2.2 An involution !p on G,B a block matrix of partiton P = (m3,nP).

We now replace the entries of M by blocks, forming A. Fix positive integers a,b and m > n, let
t = (a+b), N = am + bn, and consider the partition P = (m?,nP) in the exponential notation
(1.1). Using the notation of Remark 2.2 we assume that each entry of Al is an m $ m matrix
with coelcien ts in the ring R, that each entry of A?? is an N $ n matrix, that each entry of M 2
is an N $ m matrix, each entry of A an m$ n matrix, forming the N $ N matrix A with entries
in a ring R. Having specified m, n, a,b, we will call M the shage of A.
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So far, we could just be setting up a block decomposition of arbitrary matrices A in Maty (R),
with no restriction on the entries. We now let B = Jp be the nilpotent Jordan matrix of partition
P, and we restrict our attention to matrices A # Gs (R) the commutator of B, with entries in the
ring R. Evidently Gs (R) is closed under products, sums, and multiplication by R. Recall the result
of H-W. Turnbull and A.C. Aitken, as written by R. Basili [Bas2, Lemma 2.3]. We let t = a+ b,
and recall the notation that Agp is the px $ pn matrix in the Mgy entry of A, 1 %k %t, 1 %h %t,
where here we write P = (pt, Pr—1,...,P1), Pt ! pi—1! &a&! py, listing all parts. For this Lemma
only in this section, we let P be an arbitrary partition of N. The statement in [TurAit] takes R
to be a field, but R an integral domain is sulcien t.

Lemma 2.5. [TurAit]. Let P be an arbitrary partition of N and R a commutative ring with 1 and
having no zemw divisors. For A # Maty (R) we have A # Gs (R) if and only if for 1 %k %h %t
the matrices Apx and Axn havethe following form:

! 1 2 Uh$
. 0 ... 0 & af a\hko
o 0 al, %
Ank = . 2% (2.5)
# C A
0 0 an
|
Cab d oAl
Lo a, 5 %
: )
Akn = : 0 a&hﬁ (2.6)
: 0%
b ¥
0 0

whete for p, = px we omit the brst pc ( pn zeto columns and the last px ( pn zero rows respectively.

Note 2.6. For P = (m?,nP),m > n we have that A # Ng (R) if and only if A # Maty (R),N =
ma + bn and each of the following is satisfied,

i. The matrices that comprise the entries of A2 have the first m ( n columns zero, followed by
a n$ n subblock, we will call C2 1%u%b,1%v%a.

uv

ii. The matrices that comprise the entries of A have the last m ( n rows zero, preceded by a

n$ n matrix we will call C}2,1%u %a,1%v %h.

iii. The entries comprising each of the sets A, A22,C2%,C'2 are upper triangular Hankel (with
possibly nonzero main diagonals).

We denote by Matp (R) the matrices in Maty (R) satisfying the conditions i and ii.

Debnition 2.7. We denote by ! p = !p(a,b) the involution on Matp (R), defined on any block
matrix A # Matp (R) of shape M by extending ! p (a,b) from Mat'(R) to A # Matp (R) as follows.

Apply the involution ! p (a,b) to M (so move the small blocks of A into new positions). However,
because of the contrasting shapes m$ n for the small blocks of A2 and n$ m for the small blocks
of A, we must also in applying ! p to A make the adjustment in i,ii below
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i. replace each n% m small block A2l = (0,C3l),1 % u %b,1 %V %aof A2 by them$ n

matrix C(L)“’ , placed in the new small block position given by ! p (a,b)(M21);
' (

12
ii. replace each m $ n small block Al2 = Cuv ,1%u%a,l1%v %bof A¥® by the m$ n

matrix (0, C12) placed in the block position ! p (&, b)(M 22).

We next define the involution ! on the coordinate ring K [Xp | of matrices in Ng sp. Let A now be
the generic element of Ng sp. We define ! : K[Xp]* K [Xp] as the substitution satisfying

L(A) =15 (A). (2.7)
Let
d(P) = a%m ( @ + (B + 2ab)n ( b(b; b, (2.8)

It is easy to see that Xp is a set of d(P) variables corresponding to the nonzero elements of the
top rows of entries of a generic matrix, and

Ng sp = AdP)
is an alne space, upon which ! acts as involution.

To show the analogue (2.10) below of (2.2), we need to show that the small blocks of A function
as a commutative ring.

Lemma 2.8. Let C,D be upper triangular n $ n Hankel matrices (they may have non-zero main
diagonal), and supmpsethat m ! n. Consider the n $ m matrices (O,C),KO,D) -Where(the (0)
denotesan n$ (m( n) black of zemwes; and consider the m$ n matrices g and % where
here 0 denotesan (m ( n)$ n black of zemes. Then we have

0,c)a 2 ( —D)a ¢ ( (2.9)
0 0
In particular, upper triangular n $ n Hankel matrices commute.
Lemma 2.9. Let P = (m?,nP). We havefor U,V # Ng,
e (UV)=1p(V)&p(U). (2.10)
Let U,V # Matp (K [Xp]). Then we have
HUV) =1 (U)a (V). (2.11)
We havefor U # K [A], A genericin Ng sp,
I (U)=1p(U). (2.12)

Proof. The first equation 2.10 follows from the definition of ! p, Lemma 2.4 and Lemma 2.8. The
second (2.11) follows from the definition of | and Lemma 2.8. The last equation (2.12) for matrices
in the matrix polynomial ring K [M’] follows from the first two and an induction on degree. !

For examples see Section 1.1 Examples 1.7-1.14, and in Section 1.2, Example 1.20. Note that
the commutativity of small blocks of U,V is needed for (2.10) so it does not extend to Matp (R).
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2.3 The involutions ! on Nggsp and !p on Cg for arbitrary P.

We now assume that P is an arbitrary partition P = (p;pl pe M 1M =1,2,0..,p1, of N
given in the exponent notation of (1.1), that B is the nilpotent Jordan matrix of partition P, and
we denote by A the generic element of Ng 5p in the special form of R. Basili [Bas2, Lemma 2.3],
in which the auxiliary matrices of (1.3) are upper triangular.

Let C be any element of Maty (R). Recall from (1.5) the notation C! for the large (njd)$ (n; § )
subblocks of A # Ng sp, which we extend to Maty (R). For each pair (i,j) # Sp $ Sp,i > j, we
will call the submatrix ' ) -

L. CII CI]

C(,j)= cii  cil (2.13)
the (i, j) (large-block) submatrix of C, corresponding to the subpartition PJ = (i"i,j" ). Note
that in the previous section where P had two parts we wrote AL A12 A21 A22 £ the above
blocks, but now we write them C",CV | etc., indexing the large subblocks by each (ordered) pair
of integers in Sp $ Sp.

Debnition 2.10. Given a partition P of N we denote by Matp (R) " Maty (R) the subring of
N $ N matrices C such that for each pair (i,j),i > ] # Sp $ Sp the i, ] submatrix C(i, j ) satisfies

C(i,j) # Matpy (R) (2.14)

as in Definition 2.7 for the subpartition P .
We denote by Xp the concatenation (as sets) of the variables Xpj from Definition 2.7 for all
the subpartitions P! of P.

Lemma 2.11. There are unique involutions ! p on Matp (R), and ! on K [Xp] satisfying that
their restrictions to Matpi (R) and to K [Xpi ], respectively, for each pair (i,j),i > j # Sp $ Sp
arethe!p and! from Debnition 2.7.

Proof. Key is that, given i # Sp each restriction to a pair (i,]) or (j/,i) in Sp $ Sp has the same
action on the large diagonal block C" of C # Matp (R). !

As before for the special case #Sp = 2, here also ! extends to an involution on Ng sp, where
B = Jp is the Jordan partition and P is now arbitrary. Note that A # Ng " Matp (R) has the
property that the appropriately sized small subblocks of A commute, in the sense of (2.9).

Theorem 2.12. Let P be an arbitrary partition of N. We havefor U,V # Ng,

lp(UV)=1p (V)& p(U). (2.15)
Let U,V # Matp (K [Xp]). Then we have
LUV) =1 (U)a (V). (2.16)

We havefor U # K [A], A the generic elementof Ng p,
L (U) =1p(U). (2.17)
Also,
! (Powx(P)) ="!p (Powx(P)), and
I (Powxe(P)) =! p (Powxe(P)). (2.18)
Proof. This follows immediately from Lemma 2.9 and the definitions. !

Note that, although both ! and! p are defined on Ng sp, since Ng sp does not consist of commuting
matrices, we have ! p =! on Ng gp.
Taking the ring R = Z, we have that Pow(P) # Matp (Z) so ! p acts on Pow(P).
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Corollary 2.13. The matrix Pow(P) is invariant under!p.

Proof. This follows since Pow(P) is the degree matrix for Powx(P) and ! p acting on Powx(P)
preserves the degrees of entries. !

The significance of (2.17) of course is that as ! p flips certain entries of a matrix C # K [A],
the new entries are obtained by making the substitution ! in the old entries. For examples where
#Sp > 2 see Section 1.2, Examples 1.18 and 1.22.

Recall that we denote by Gg the centralizer of the nilpotent Jordan matrix B, and by Ng the
nilpotent elements of Gg. We denote by K (Cg ) the coordinate ring of matrices commuting with
B.

Corollary  2.14. The involution ! p acting on Matp (K (Cg )) takesGs to Gs and Ng to Ng.

Proof. The first statement ! p : G * G, is an immediate consequence of ! p being a generalized
transpose. Thus, for M # Gz we have by Theorem 2.12 and the properties of ! p,

MBM =B, Ip(M ) pB)pM)=!p(B)=B
(M) # G

Also, that M? = 0,M # Gg implies (!p (M ))? = ! (MP) = 0. Alternatively, one can notice that
R. Basili’s condition (1.3) being satisfied by M implies it is satisfied for ! p (M ): the auxiliary
nilpotent matrices A' there for M # Np are simply transposed by ! p. !

2.4 Further comments on! and !p.

Recall that for a nilpotent matrix M we denote by P (M) the partition of its Jordan block decom-
position.

Lemma 2.15. For C# G * (C invertible in G) and M # Ng we have
lp(CMC ) =(p(C) Mp(M)p(C), (2.19)

so!p and evidently also! preservesimilarity by elementsof G .
Let M # Ng. Then

rank(M ) = rank! p (M) = rank! (M). (2.20)
Also the Jordan partitions of M and ! p (M) satisfy,
P(M)=P(p(M))=P( (M), (2.21)

If U,V # Ng commute, thensodo!p (U),! (V). If U,V # Ng 5p commute, thensodo! (U),! (V).
If T is a commutative sukalgeba of Ng s, thensois! (T); if T is a commutative sukalgeba of G,
thensois ! p(T). If ! and!p agree on the generators of a commutative sukalgeba T of Ng gp,
then they agree on T.

Proof. The rank of M is preserved under ! p, since ! p is a composition of the transpose, with
certain coordinate changes. Since the rank of M ¥ is preserved, for all k! 0, the Jordan partition
is preserved (2.21). The equation (2.19) is the result of ! p acting as a generalized transpose. !

Remark 2.16. In order to study a single matrix in Ng we have chosen it to be in Ng sp: as
matrices in Ng have less good vanishing properties. On the other hand ! does not extend in a
consistent way to Ng. That is, certainly we can define a substitution ! pig on the polynomial ring
Kg of the variables of a generic M # Ng, from ! p analogously to our definition above of ! on
Ng sp. However, choosing C # Gg such that CM c1l# Ng sp there is no reason to believe that
I'big (CM C~1) agrees with the previously defined ! (CM C~1).
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Structure of Gs.

We here follow T. Harima and J. Watanabe, in relating some classical results on the structure
of the commutator Gs (R) to the present context, and to the varieties Ng and Ng gp. Letting
Sp = (fq,....fs),f1 > fo > ... > fg we write P = (f{*,...,fl¢), and suppose that R is an
arbitrary commutative ring. In [HaWal], given A # Gs (R),B = Jp, they define S = #Sp matrices
Gi(A),...,Gs(A), with s = #Sp and G; # Mats, (R). These matrices Gj(A) are the diagonal
subblocks of the s$ s first block N4 of the ” Jordan second canonical form” A of A # Gs. To obtain
A, we consider the permutation S obtained as follows. Consider Ty, the standard Young diagram
of P filled horizontally by the integers 1,...,n (first row (1,2,...,f1, last row (n( fs+1,...,n),
and Ty the vertical filling (first column (1,2,...,s)T, and take i to '(i) the vertical labelling of
the i ( th labelled box of Ty. Let S be the associated permutation matrix, with entry one in the
position (i, '(i),i = 1,...,n) and zero elsewhere. Then they define

A = STIAS. (2.22)

Although in a di"eren t context, these matrices are exactly the S auxiliary matrices Af1, ... Afs,
(here the f; are labels) defined by R. Basili in [Bas2], and described above before equation 1.3.
That is

Gi(A)=A"i=1,...,5,5=#Sp. (2.23)

This is readily seen from either the definition of the second canonical form A of A, or more
abstractly from Proposition 11 in [HaWal]. It is clear from the definitions, that

(:G(R)* Maty, (R)$ &dMat,_(R),((A) = (Af1, .. Af) (2.24)
is a surjective algebra homomorphism, and also that Ker ( " Ng, by R. Basili’s description of Ng,
Ng ={A# Gs (R) | each A" is nilpotent ,i = 1,...,s}. (2.25)

We denote by J the Jacobson radical of Gs (R). Since the image of ( is semisimple, and the kernel
is comprised of nilpotent matrices, we have

Theorem 2.17. Classial, see [DrKi]) interpreted by [HaWal]). The algeba homomorphism (
has kernel J.

Question Let B = Jp and let K be a field. What can one say about a canonical form up to
automorphism by C # Gs (R) of the pair

(B,A),A# Ng?
Evidently, we can arrange up to conjugation by Gs (K ) that each Afi be in Jordan normal form.
Note that any such matrix is certainly in Ng sp, which only requires each Al to be upper triangular.
3 The matrices Powx(P) and Powxe(P).
Let P be a partition of N, see (1.1). Recall that Powx(P) satisfies (Definition 1.5),
Powx(P)u = (A*)u .| k = Pow(P)u, (3.1)

where Pow(P) is the integer matrix of (1.7), and A is a generic element in Ng p (equation (1.4)).
Recall also the definition of Powxe(P) (see also (3.7)). In section 3.1 we first show that Powx(P)
is the initial (top) degree form of Powxe(P) (Lemma 3.2); then we discuss the relation of these
matrices to the digraph of A (see [Oblak, Pol]). In section 3.2 we determine the relations between
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the small blocks of Powxe(P ), using the variables X1 and the properties of A. This shows that
one can reconstruct Powxe(P) in a simple manner from the compressed form CPowxe(P), and
knowledge of X1 (Theorem 3.13). In section 3.3 we show how to construct the key subblocks of the
large blocks CP9 of Powxe(P ), culminating in Theorem 3.27. We also determine the maximal entry
of Powxe(P) (the longest paths in the digraph) (Theorem 3.28), and show the result of P. Oblak
giving the index of Q(P) (Corollary 3.29) In section 3.4 we give an algorithm for constructing
Powx(P), analogous to that we gave in [Ial, Theorem 3.5] for the integer matrix Pow(P). In
section 3.5 we discuss further some connections with the digraph determined by the pattern of
zeroes and nonzero entries of A or of Pow(P), and end with questions.

3.1 The ring K [X;] of Powx(P) and Powxe(P).

Recall that the N $ N matrix Pow(P) gives the degrees of the entries of Powx(P) (see equations
(1.7) and (1.8)). We need some further notation for some of the entries of A, a variation of that of
[Bas2]. We denote by

X1 = {Xuv # Xp | POW(P)UV = 1} (32)

Thus, informally speaking, X1 picks out those entries of A which become zero in A%. Recall that
Sp is the set of distinct parts of P (see (1.2)), and that the jump index of an element i of Sp is

ji :max{ni_1+ni,ni+ni+1}. (3.3)

From our knowledge of Pow(P) [Basll, Ial], we see that if the jump index for i satisfies jj = nj,
then there are n; distinct elements of X1 in the large block All ; otherwise there are n; ( 1. There
are two more elements of Xy for each i # Sp ( pr (omit the largest part): one occurs in each of
the large blocks A" and Al',j = min{j > i,j # Sp} (so ] is the next larger integer occurring as a
part of P). It follows that,

#X1=t+2(#Sp ( 1) ( #{i # Sp |]i > ni}. (3.4)

The variables X1 in the large block A" (equation 1.5) are the lead elements of the n; ( 1 small
blocks of A just above the main diagonal, union the lead element of the small block in the lower
left corner of Al (the latter only when j; = nj. The variable of X1 in the large block Al i > j,
is the lead element of the block in the lower left corner; that in the large block Al',i > j is the
image of the latter under ! . See examples 1.12, 1.19, 1.20, and 1.22.

Note 3.1. The set of variables X1 and their relative positions depend only on two invariants:
i. The sequence (Np,,...,Np;,Np,),1 # Sp, (in order, but without the labeling p;), and

ii. The adjacency information: for which i is the pair (i, i + 1) # Sp, (labelled only by the order
of i in Sp).

Fixing P, and A generic in Ng sp, we denote by My, the following matrix in Maty (K [X1])

(M = Ay if Ay # X1
1/uv. —

. (3.5)
0 otherwise.
(Set all entries of A but those in X1 equal to zero). We let Powx(P)<k_1 be the matrix obtained
from Powx(P) by replacing by zero all entries of Powx(P ) having degree greater or equal k. Recall
that the index of Q(P) is its largest part, and was determined by P. Oblak [Oblak], also later in
[Ial, BasIl]. One view of the following Lemma is that the highest degree term in the sequence
A, A2, .. AS;1 is aproduct of entries in X ;. This is true in a quite general context, not requiring
special properties of A # Ng sp (Remark 3.5). For an element f =fi +fr_1 +...f1 +c# K[X4]
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where f; is the i-th homogeneous term, we we write In(f ) = fy for the highest degree homogeneous
term. For a matrix M whose entries are polynomials in K [X4], we write InM for the matrix
satisfying

(InM )y = In(Myy ). (3.6)

Evidently, the entries of InM may have di"erent degrees: the maximum is entrywise. Given the
partition P we define Powxe(P) (e for exmanded)

Powxe(P) = (Mx, + M%, + &8+ Mg "), s = index(Q(P)). (3.7)
Since Mg = 0 (from (3.9) or Lemma 3.4) we have Powxe(P)* = 0, s = index(Q(P)), and
Powxe(P)? = (M, +2M§ +a&a(i ( )My, +&a+ (s( 2Mgh). (3.8)
Lemma 3.2. Let K be a beldof characteristic 0, and let A be genericin Ng sp. Then we have
Powx(P) = In(Powxe(P)). (3.9)
Powx(P) may be obtained inductively as follows. Let Pow (P )y, = k.
i. For k=1, Powx(P )y = Xuv -

ii. Let k> 1, and assumePowx(P)<x_1 has been chosen. Choose any pair of positive integers
S1,S2, With K = s3 + Sp. Then Powx(P),, is a sum of the distinct monomials, each with
coelcient one, in the set of products

{Powx(P )y &Powx(P)ky | Pow(P)u = s1 and Pow (P )xy = S2}. (3.10)

Proof of Lemma3.2. By induction on k = Pow(P )y , using the results outlined in [Ial] concerning
Pow(A) and Pow(P). Both statements of the Lemma are true for k = 1. Since the coelcien ts of A
may be regarded to be in the polynomial ring Z [X ], the results Lemma 2.1 of [Ial] (construction of
Powa ), and also Lemma 3.2 there (that our A satisfies the hypotheses Ay, =0, A2, =0, hence
Ak, , AKil =0) apply here. In particular, we may build Pow(A) inductively in a way matching

equation (3.10) here. Then (3.10) and as well (3.9) follow by induction. That the coelcien ts of
monomials in Powx(P) are each one follows from the following Lemma 3.4. !

The digraph D(P) and Powxe(P)

Note 3.3. Given P a partition of N recall that the digraph D(P) is the directed graph comprised
of N vertices 1,2,...,N and an arrow from u * v i" Ay, = 0, for A generic in Ng,B = Mp.
Each monomial of an entry (M ,Juv represents a length k directed path in the digraph D(P) from
U to v that is “complete”: cannot be a proper subpath of a path from u to v. The large blocks of
A determine a decomposition of the edges of the digraph. Thus, by tracking the large blocks of
arrows, a path in the digraph of A gives a related path in the complete digraph [1, #Sp|$ [1, #Sp].

We denote by E; the edges of the digraph D(P) corresponding to variables of X;. These are
the “atoms” — the edges U* Vv that are not included in any longer path from u* v. If $is a path
in D(P) from u to u; and $' a path from u, to v we denote by $'/ $ the composite path from u to
v; we denote by ) ($) the length of $, so number of edges in the path $. We denote by Powxe(P )<k
the sum

Powxe(P)<k = (Mx, + M3, +&a+ M), (3.11)
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Lemma 3.4. Each occurring monomial p in K [X ;] of each entry Powxe(P),, hascoelcient one,
and divides no other monomial of that entry. There is a natural one-to-one correspndene *,
between the monomials p of Powxe(P),, and the complete directed paths in D(P) from u to v,
having edgesin E, satisfying,

) (Fuv (W) = degH, (3.12)
W # Powxe(P)yu,, W #Powxe(P)y,v, H=WW # Powxe(P),, and (3.13)
*ov (MW7) = *upw (W) ] *uu, (W), (3.14)

Given u of degree s, all degree pairs s; = degl/, s, = deg”,0 % S1,S2,S1 + Sz = S accur among
the set of pairs S,y (M)U = W'W” of degree s occuring in (3.14).

Proof. Note that (3.13) is evident from the definition of Powxe(P ). For the rest we use induction on
the degree of Y. The statements are clearly true for monomials of degree one (then (3.14) involving
products is vacuous). Suppose the statements are shown for all monomials M in all entries of
Powxe(P) having degree no greater than k ( 1, (so we assume (3.14) is verified for degp %k ( 1),
and let 1 be a monomial of degree Kk in the entry Powxe(P),, . Note that there is at most one
element of X1 in any given row or column occuring in a monomial g of (M >'§ L Juv , else there would
be a directed cycle in the digraph (not possible, since AK, = 0 for allk > 0 and 1 % u % N).
Since Ak = A 8AK~1 there must be a unique variable X, of X dividing the momomial W, and
the quotient ' = WX yu, is a monomial of the entry (Mx, )& }. By induction on degree p’ is
associated to a unique complete path from Uy * v with edges in E;. We define

*uv () = *up v (W) 1 %o, X, )- (3.15)

The 1( 1 property follows immediately from induction on the degree, and likewise that the coe!-

cient of  in Powxe(P )y is one. The equation (3.14) follows from considering M = M)lzll aM)Iéz17
where k; = deg/,k, = degl”. The last statement is likewise the result of factoring, and is the
analogue for Powxe(P) of [Ial, Lemma 2.2I1] for the integer matrix Powa. Finally, if the mono-
mial B # Powxe(P )y, divides another monomial of the same entry Y’ of higher degree, then by
the above discussion the quotient P”/p would correspond to a directed cycle in the digraph, D(P),
which does not occur. !

Remark 3.5. Consider the family Fr (in place of Ng gp) of all N $ N matrices with entries in
a field K, char K = 0, having a specified subset T of pairs (u,v) # [I,N]$ [1,N] of zero entries.
Assume that the hypotheses for Pow(A), A generic in Ft given in [lal] and also the absence of
directed cycles in the digraph D(A) are satisfied. These hypotheses are equivalent to the following
conditions all being satisfied for a generic A # Fr:

i. A is nilpotent,
ii. The entry Ay, =0, A3, =0, and
iii. The diagonal entries Ay, = 0 for 1 %u %N.

For such families F1 one constructs the analogues X 1, Mx ,, Powxe(F1) analogously and evidently
has the analogous results to Lemmas 3.2 and 3.4. These assumptions are more special than those
in, say, [Pol], since we require the absence of directed cycles in the digraph Ft. In this larger
context we can also ask for the set P(T) of Jordan partitions associated to elements of Fr, and
for Qt, the generic (or minimal) such partition. Because of the Hankel condition on the matrices
in Ng, the answer Q7 for the T determined by A # Ng s might be di"erent than Q(P). The
relation between the two is an open problem (see Lemma 3.35 and Question 3.36 in Section 3.5
below).

Of course the results concerning ! in Section 2, and the results in the following Sections 3.2
and 3.4 are special to F = Np gp.
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3.2 Relations among the small blocks of Powx(P) and of Powxe(P).

The next several lemmas show that all entries of Powx(P) or of Powxe(P) in each large block CV |
corresponding to the subblock Al of A for (i, ) # Sp $ Sp, can be obtained from any single small
subblock of CI by ”translation”: that is, any small block within a single large block is a multiple
of any other one by a specified monomial in K [X;]. In Lemma 3.7 we treat the diagonal large
blocks, and in Lemma 3.12 we treat the o"-diagonal blocks.

The last several lemmas compare key small blocks of Powx(P) and Powxe(P) lying in adjacent
large blocks (Lemmas 3.16, 3.17 and 3.18). We then show that each monomial in any entry of
Powxe(P) divides a monomial of the rightmost top entry of the the topmost diagonal large block
of Powxe(P) (Lemma 3.19). We then give Lemma 3.21 describing a key element in the construction
of the small diagonal blocks, using the upper and lower jump indices. We then give an observation
that we plan to develop as a theorem on the construction of Powxe(P ), that the operations given in
the Lemmas mentioned sulce to construct Powxe(P) and that there are no “second order e"ects”
in the construction: blocks C" (P) act on other diagonal blocks through a sequence of adjacent
block transmissions/inclusions, and these operations sulce to determine all of Powxe(P). Here
“adjacent” means adjacent integers in Sp. Finally, we write a Lemma concerning the e"ect of
larger small diagonal blocks on smaller ones, imitating in an algebraic setting a similar result for
Pow(P).

We label the Lemmas “going up, down, ...” according to the relation the Lemmas give between
adjacent blocks that occur on or below the diagonal of Powxe(P). Each Lemma via the action
of ! | implies a similar relation between adjacent small blocks on or above the main diagonal, but
these would be di"eren tly described: ”right of” instead of "above”, for example. In this section
P denotes b with subscript u and superscript 2, while (b,)? is the square of b,. Also, CI will
be the large block of Powx(P) or Powxe(P) (depending on context), indexed by a pair (i, ] ) of
integers in Sp $ Sp, and corresponds to the large block Al of A. To illustrate, for the partition

”

P = (42,2,1?) we have, I $
' C44 C42 C41
Powxe(P)=# C? C2 C? &, (3.16)
Cl4 C12 Cll

where C# is an 8 $ 8 matrix with entries in K [X1], C*? is 8$ 2, and C' is 2 $ 2.

Key small blocks of Powxe(P) determine each large blo ck.

For i # Sp we consider the diagonal (i anj) $ (i an;) diagonal large block C'" of Powx(P), or of
Powxe(P) comprised of n? small i $ i blocks Cli ,1%u,v %n;. Let m# Sp and set a = nNp, .

Debnition 3.6. We label the i $ i blocks of Powx(P) (or Powxe(P), depending on context) by
Cll,,1%u,v %n;, where u denotes the row position (as a small block), and v the column position:
thus C!; is the small block in the top left corner of C'" | and C,qi .1 is in the lower left corner. For
each i |nj! 2 we let

l:iu:ulj,u+1!10/OU<ni; (3.17)
be the lead entry (that in the top left corner) of the block Cﬂ’u +1, a variable in the set X1. When
i is understood we wll sometimes write b, = by, y+1 for HJ (See examples 3.9 and 3.10.)

Division and multiplication of a block by p# K [X1] is termwise with the following exception:
when the lead (top left) entry of an i $ i small block Cl, is 0 because of A' being upper triangular,
and the lead entry of a destination block is in principle nonzero, then p @B has first entry p; and
conversely for division. Thus,

paC!l, = Hankel i $ i block with top row (p,p&(Cl,)12,...,p&(Cl,)1i)- (3.18)
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Lemma 3.7 (Diagonal large blocks). Leti# Sp andseta = ny. The blocks Cll,, 1 % u %n;

within Powx(P) are identical; and likewise for Powxe(P). For 1 % u < v % n;, we have for both
Powx(P) and Powxe(P)

Cly =qaCy,, q=1, aq,,, da, ;. (3.19)
For 1 %v < u%n; we have,
Cuw = D p="H an,,, sy ;. (3.20)

! $

bib, &C ()2 &C  (bi)?(bp)? &C

# paC b aC  b(h)?2aC & (3.21)
c by 4C buby 4C

Figure 1: Small blocks of C'" for n;j = 3. Here C = Cl;, by = b, bp = b,.

~ We now show that those entries of Powxe(P) and Powx(P) corresponding to the large block
C! ,i =] are determined by a single small block, and the entries of Xy in the large blocks A" and
Al We need a more precise labelling of the remaining variables of X .

Depnition 3.8. We denote by Cll,,1%u %n;, 1%V %n; thei$ j small blocks of Powx(P) of
of Powxe(P), according to context. We now label the remaining elements of X1. Recall that we
denote by p; be the largest part of P and by i’,i # Sp ( p; the next largest element of Sp, the set
of parts of P. We define

) -
1 i . i #{S =i,

i * the unique element of X1 in A" when i =j; and either I {Se (pi} _l ,I/ o
c :* J #{Sp(pt}vlzlv

the unique element of X in Ai,iiﬁl wheni=j #Sp,jj =n; andi > 1.

(3.22)
We sometimes write ¢' for ¢' . Note that the b, from (3.17) and ¢! from (3.22) comprise exactly
the variables X 1: compare with the discussion before equation (3.4), where we delimit X 1.

Note that we have by the relevant definitions,

Example 3.9. Consider P = (32,13) (see Example 1.14 ). We give My, using the notation in
equations (3.17) and (3.22).

I $
0 0 0B, 0 0]0 0 O
w0 0 00 B, 0|0 0 o0 ?
w0 0 0|0 0 B,y 0 0 0 (f}
w0 00 0 0] 0 0 %
My,=+ 0 0 ¢ 0 0 00 0 0 f
»0 0 0]0 0 0]0 0 O f
w0 0 00 0 O0]0 B, 0 é
#0 0 0[]0 0 0|0 0 by
0 0 c® 0o 0o 0|0 0 O
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Example 3.10. For P = (32,2, 12) we have the following labels of X1, compared to those from

Example 1.18,
b=bl,d=c?e=c3f =c,g=c?s=n. (3.25)

Debnition 3.11. Recall again that C’ denotes the large blocks of Powx(P) or Powxe(P), ac-
cording to context. We now relabel the small subblocks of C! in a way natural for the involution
I p: see equation 3.28 below. Note that we followed a simpler, but example by example labelling in
Section 1.1. In example 1.9 we used b=1Iy,...,bs and ¢ = ¢y, ... Cs to show entries of A that cor-
respond under ! . The new labels clearly identify the (three) small blocks where each of by, ..., bs
occur, so facilitates describing the construction of all small blocks of Cl from one of them and X ;.

ij . .
Cn 41 _uy Wheni>|

El, = " o 3.26
w CH‘nJ +1_y Wheni<j. ( )
We illustrate this in Figure 2.
: I a8
o gi gi g o s Esp
ch=El = o [F gf . O=El=tEy Ep & (3.27)

En Ep
Figure 2: Small blocks of EV and E!! fori < j,nj =2,n; =3.

Note that for ! p, the involution from Section 2.3, we now have, by Theorem 2.12, for Powx(P)
and for Powxe(P), i N
Ip(El,) =ElL,1%u%n;, 1%V %n;. (3.28)

Also, when i =, and the pair (i, j ) is from equation (3.22), we have by definition,
¢l = the lead (nonzero) entry of EJ. (3.29)

Lemma 3.12 (O!-diagonal large blocks). We havefor i,j # Sp,i = j, for Powx(P) and
analogously for Powxe(P) (we keep the same notation for both)

El, = (B ab &b, ) &(b, ab aaab, ) 4E ;. (3.30)
(The monomial multiplying EEl hasdegree (u+v ( 2).)
We illustrate this in Figure 3.

! . . o . . . A= 1 J1
. bael bl wemasl ( _, , BedEn BRBE,
© 7 el dael, dga), 0 07 BFm OhEn S (63
3 E]11 Hlanll

Figure 3: Small blocks of Ei and Eif fori < j,ni=2,n =3.

Outline of proof of Lemmas3.7 and 3.12. The two Lemmas are shown in tandem, by induction
on the degree of the entry of the small blocks (all small blocks considered at once) We fix i and
show the relations between all the small blocks of the C! portions (fix i, let j be arbitrary) of
Powxe(P) and Powx(P) at once. We show that any two such small blocks are related by standard
multiplications or divisions, by monomials in K [X ;] that depend only on the position of the two
small blocks, and which we specify. Using (3.9) and an induction on k = Pow(P )y, we prove these
relations for each such pair of small blocks. !

We have shown in Lemmas 3.7 and 3.12,
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Theorem 3.13. The large blacks Powx(P )1 and Powxe(P)! are determined by their key small
blocks, through multiplication of the small blocks by suitable monomials in those entries of X in
A" and A!l that are strictly alove the main diagonal (see (3.17), (3.19), (3.20), (3.30), Debnition
3.6).

3.3 Determining Powxe(P) directly from P.

In a series of results we now determine Powxe(P ) directly from P: we need to determine CPowxe(P)
(Theorem 3.27). As a consequence we determine a key entry Powxe(P )14, that is divisible by
each entry of Powxe(P) (Theorem 3.28) and recover P. Oblak’s theorem giving the index of Q(P)
(Corollary 3.29.

OlnclusionO between key small blocks in adjacent large blo cks.

We first describe the behavior of key small blocks as we cross boundaries of large blocks in
Powxe(P).

Debnition 3.14. The “square subblock” of ani$j,i < j small block of A, Pow(P), or Powxe(P) is
the square i $ i subblock comprising the rightmost i columns; the “square subblock” of aj $1i,i < j
small block will be the last i rows. Let i,],i’,j’ # Sp satisfy i %i’,j %]’ with at most one equality
i =i’,j =j’. A pair of small blocks, C,C’ of Powxe(P) the first i $ j and the second i’$ |’ is said
to satisfy

bCc" C/, (3.32)

with b a monomial in K [X4] if each entry of the square sublock of the latter contains the mutiple
by b of the corresponding entry of C. Here a multiple of the small subblock is a summend of the
submatrix in the upper right corner of the square subblock of C’ if i < j, and in the upper left of
the square subblock of C’ fori>j.

(
2
Example 3.15. a(b,c)" 0 ab+d® acte

0 0 w
We write o .
d' =#yespi<u<i' ¢, (3.33)
where U’ is the successor of U in Sp, ¢ ¥ is defined in (3.22). We write di' =1 (di!i ).

Lemma 3.16 (Going up inclusion for Powxe(P).). Leti < i’ be elementsof Sp, and supmpse
i < j. Then the small subbleks of Powxe(P) satisfy the inclusions

d' &l v EN, andd' &EL t ELL. (3.34)

Proof. By the ! involution and (2.18) it sulces to show the first inclusion for i, i” adjacent. This
case follows from induction on the degree of entry. !

Note that Lemma 3.16 above and the following Lemma 3.17 are stated for Powxe(P): their
analogues are not true for Powx(P), since Powx(P) = In(Powxe(P)) selects only the top degree
terms of Powxe(P). Of course, one may compound (3.36) to obtain the result for i’ > i, not the
successor in Sp Note that going down, the inclusion is more subtle: and there is no going down
e"ect when i’! 2i. We need a shift operator T for length-i’ sequences:

T(a1,82,...,&) =(0,a,82,...,a&:_1). (3.35)

We also need to state how a multiple of a larger size i’ $ j small block can be a subset of a smaller
i $ j small block one disregards, the extra rows (or, dually, columns) In the following, When
=1, Ep ! | denotes the top left diagonal subblock of EI'M'| which we have written C11 in

Definition 3.6. The reversal of order in superscripts di' in equation (3.36) below is intentional.
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Lemma 3.17 (Vertical descent inclusion for Powxe(P).). Leti < i’ be adjacent elementsof
Sp, and supmsei’! j. Then the small subblaks of Powxe(P) satisfy the inclusions

T/ (" éEL!"!jvl) “ Bl andT'1/ (@ anl;i,!i!) " ElL. (3.36)

Recall that the diagonal small blocks of C' are the same. Note that going left below the
diagonal (how we label the lemma) is dual under ! to going up above the diagonal.

Lemma 3.18 (Going left inclusion for Powxe(P).). Let i’ > i be adjacent in Sp. Then
Powxe(P) satisbes

c¢'ac, ,, " El;, andc' &Cj; " Eyj. (3.37)

Let u’ > u be adjacent elementsof Sp and i < u another elementof Sp. Then Powxe(P) satisbes

CUEY, " EN, andc™ &EY, " EY. (3.38)

Given the partition P = (p1,...,pt),p1! ... pr of N we denote by ap the integer np, ap;.
Recall from [Ial, Theorem 3.15] that Pow(P )14, is the largest entry of Pow(P), satisfying

Pow(P)14, = index(Q(P)) ( 1.
The next result explains why it is largest. See also Theorem 3.28.

Lemma 3.19. Each monomial appearing in any entry of Powxe(P) divides a monomial in the
entry Powxe(P )1 a, -

Proof. By induction on p;, the largest part of P It is certainly true for P = (1N). Suppose it is
true for all partitions with largest part no greater than s( 1, and let P be a partition with largest
part p; = S. Consider the block decomposition of Powxe(P) into quadrants M M2 M2 M2,
respectively corresponding to the ap $ ap subblock in the upper left, the ap $ (N ( ap ) subblock
in the upper right, the (N ( ap) $ ap subblock in the lower left, and the (N ( ap)$ (N ( ap)
subblock in the lower right, respectively. Let P’ = P ( ((p¢)"rt ), the partition of N ( ap, with
largest part py. Any monomial occuring as an entry of M 22 divides the entry POWXG(P/)l,a!P , by
induction, so divides a monomial in the corresponding entry in the first small block at the top left
of M 2! by Lemma 3.16, and then divides the rightmost entry of the first small block of M 1!, then
the entry Powxe(P)1,a, , by Lemma 3.12. Any other entry of Powxe(P) may be similarly moved
to divide a monomial of Powxe(P )1 a5 - !

The jump index and the small diagonal blo cks.

We use the power notation for P. We now explicate the role of the jump index j; in Powxe(P).
Recall from [Ial] the jump index of the element i # Sp is

ji = max{ni + Nj+1,Nj + ni_l}, (3.39)

and that Powx(P) has i-diagonal small blocks at least (0,ji,2ji,...,(i ( 1)ji), termwise. We use
the notation of (3.17) and (3.22).

Debnition 3.20. Suppose j; = nj. Then we set for i > 1,

i =c ap aaad, . (3.40)
Let i’ > i be adjacent elements of Sp (no other elements of Sp in between). We set
“ig =0l ac A, s, ) a(b, &, _y). (3.41)
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Here deg"i = nj and deg"ij: =n; +nj.
More generally, for u > v,u,v # Sp we define

"w o= "K'k (3.42)
u>k >v,keSp
of degree I $
/
deg" y = 2n& +ny +n,y. (3.43)
u>k >v,keSp

Lemma 3.21 (Jump inclusions). Supmsejj =n; (soi # Sp buti +1,i ( 1# Sp). Then we
havethe inclusion of rows,

0,"i,...," 71" CPowxe(P)". (3.44)
Supmsei, i +1# Sp. Then we have
(0, " ITEREY (" i+1 i )I) " CPOWXG(P)i+1 i+l and
(0," 41 sy ("is1) 1) " CPowxe(P)" . (3.45)
Furthermore, writing Powxe(P)" = (0,ay,...,&,...,a ), we havethat any monomial p of K [X4]

that lies in the product as da; satisPesp # ag++.

Proof. Equation (3.45) is a straightforward result of considering the appropriate terms in these
diagonal small blocks of M Qi; "+ The last statement is immediate from the diagonal position of

the small block and considering the following consequence of (3.8):

Powxe(P) / mon Powxe(P) = Powxe(P) ( Mx,, (3.46)
where the product / mon means to take the set of monomials in each entry of the usual matrix
product, each with coelcien t one. !

See Example 1.18.

Remark 3.22. The Lemmas 3.7-Lemma 3.18 are relative: they concern the relation between small
blocks, of Powxe(P ), and don’t determine any entries. Lemma 3.21, however, fixes partial contents
of each small diagonal block in each submatrix C" of Powxe(P). Of course, the knowledge of
which entries are X1 also fixes some content of Powxe(P). The following Observation is that the
Lemmas 3.7-Lemma 3.21 together determine Powxe(P). That is, if we did not know the definition,
Powxe(P) = Mx, + MZ + &a+ M3 from (3.7) we could recover it from knowing Mx, and
applying Lemmas 3.7-Lemma 3.21, then taking the decomposition of the resulting matrix into
homogeneous pieces. This gives an alternative algorithm to construct Powxe(P) to that we will
give in Section 3.4 below.

We denote by
V(u) = (0,...) = the first row of the diagonal u-blocks of Powxe(P). (3.47)

Recall that " &(0,0,a,b,¢c) = (0,","a," b " c) below, and that a length u row R(u) included a
length v row R(V) means that Ry is included in the rightmost u entries of Ry.

Lemma 3.23 (Diagonal transmission upward). Let u> v be elementsof Sp,Then we have
"wV\V)" V(u), (3.48)

where ", is from (3.42).
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Proof outline. It sulces to prove (3.48) for pairs (U, V) where U = V' the next highest element of
Sp to V. We set C! = Powxe(P)V . The i ( th entry (in position v ( u-+i of V (u) related to V (V)
may be obtained (there is multiple determination, so there are other block products that work),
successively (in degree) by multiplying the first row of the block ERY , = by the corresponding (so
V( u+i) column of EY{ (see (3.26), (3.27) and Figure 3.2). The result follows from analyzing
their entries. !

Recall that T(v) acting on a vector V.= (V1,V2,...,V;) is T(v) = (0,v1,V2,...,Vi—1). The
convention we use in the next result is that a longer row W (5) = (a,b,c,d,e) " W (3) means that
(a,b,c) " V(3): we truncate the end of the longer row W (u) to the length of the shorter W (v), by
omitting the last u ( v entries of the longer row.

Lemma 3.24 (Diagonal transmission downward). Let u> v be elementsof Sp,Then we have
"wTUTVIV(U) " V(v), (3.49)
wher ", is from (3.42).

Proof outline. Similar to the proof of the previous Lemma. !

Note 3.25. When the two previous lemmas are composed, one might guess that one would have
(" )?ETY=VV (u) " V(u), which is easily seen to be false. However, the inclusion conventions are
such that we may conclude instead that

("w )2 AT =2V (u) " V(u), (3.50)

(provided 2v > u), which is a consequence of (3.48) and the closure of the next Lemma. To
see (3.50), note that for u > v the first nonzero enty in the image of " (,, TY"VV(u) " V(v) is
v( (u( v) =2v( uis in position u ( v+ 1 (proveided 2v > u); the first entry of V(v) " V (u)
occurs in position U ( v + 1, so the first composed entry of " (" o T"7VV (U)) occurs in position
14 (2u ( v); thus we have (3.50). Note that there are 2v ( U nonzero entries in the image of
TV (u)" V(v). See Examples 1.20 and 1.21.

Note that the influence of lower diagonal small blocks of side i on higher ones (side j ), and
vice versa, is via the sequences of adjacent blocks (adjacent i, i’ in Sp). For example when P =
(48, 3P,2¢,19) the e"ect of the d 1-blocks on the key (diagonal) C*# blocks is transmitted through
the seqeunce C*2,C23,C34, to C*. Any route up transmits the same e"ect. In Example 1.18 the
X1 variable s from the one blocks C*! picks out the monomial f gs in an entry of the key diagonal
two blocks, and this divides the entry bdefgs in the diagonal 3-blocks.

The monomial product used in the next Lemma is defined in (3.46)".

Lemma 3.26 (Completeness). The row V(i) of Powxe(P) is closa under V (i) / mon V (i), and
is the minimal rows of elementsin K [X;] consistent with this closure under / o, and Lemmas
3.21,3.23, and 3.24. Each monomial appearing in an entry of V(i) has coelcient one.

Proof. The closure follows from the definition of Powxe(P), equation (3.46), and the property
that the diagonal products C" /non C" " Powxe(P)/mon Powxe(P). That each monomial has
coelcien t one is Lemma 3.4. !

Recall the compressed format CPowxe(P) from Definition 1.8. We have now shown

Theorem 3.27. The matrix Powxe(P) of (3.7) is determined directly from the partiton P as
follows. Begin with My ,. Then the small diagonal subbleksof C' are given by Lemmas3.21,3.23,
3.24 and 3.26. The rest of the key small subblaks of the C (hence CPowxe(P)) are determined
from Lemmas3.16,3.17, 3.18; and the largeblocks C! from their key small blacks by Theorem 3.13.
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Implicit here, is that the order of operations, within the above description, is immaterial.

Recall from Lemma 3.19 that each monomial appearing in any entry of Powxe(P) divides a
monomial in the entry Powxe(P )14, . If m = p; is the largest part of P, of multiplicity npy, then
Powxe(P)1a, (recall 8y = manp) is the rightmost top entry of the small block C{'\! . We now
specify that “maximal” entry. Let

"h= o (3.51)

of degree np, (1.
Theorem 3.28. Let m = p; be the biggestpart of P. The maximal entry of Powxe(P) is

T B i (" )“12if (1#S
Powxe(P)1a, = in o1 >t . m "m i_lﬁ‘. P
m iz mi ( m,m —1) if m( 1# Sp,

(3.52)
and occurs as the rightmost top entry of the small np, $ np, black CT'' - of Powxe(P).
Each monomial of K [X1] in any entry of Powxe(P) divides somemonomial of Powxe(P )1,ap -

Proof. Equation 3.52 follows from Theorem 3.27, and in particular from the transmitting-diagonally-
up Lemma 3.23, the completeness Lemma 3.26, and Lemma 3.7 that gives all of the large block
C" from its diagonal small blocks C}; and shows

mm _ wn7/ mm
Inm — mC11 .

We let /
S = Ng. (3.53)
k> i

Corollary 3.29 (Index of Q(P)). ([Oblak]) The index (largestpart) of Q(P) satisPes,
index(Q(P)) = maxi<i<p, {28 +ni + (i ( 1)ji}. (3.54)

Proof. By definition the index of Q(P) is one more than the maximum entry of Pow(P); but
Pow(P) gives the degrees of the entries of Powx(P ), and each entry Powx(P )y, is the top degree
terms of Powxe(P ),y . The Corollary follows from (3.52), (3.42),(3.43) and (3.51). !

Remark 3.30. It is now straightforward to generalize Theorem 3.28 to give explicitly the entries
of Powxe(P). We should probably specify at least the corresponding maximal entries for the other
parts of P (elements of Sp), and also the maximal diagonal entries for each part in a sequel
theorem here. In the interest of getting this version out for comment, we haven’t included this
generalization. The new element is the going-down diagonal e"ects from Lemma 3.24. It may be
that in a later version we should replace most of the sequence of Lemmas in Section 3.3 by an
explicit formulation of Powxe(P).

3.4 A second algorithm for constructing Powx(P) and Powxe(P).

We recapitulate. The submatrices CPowx(P) of Powx(P), or CPowxe(P) of Powxe(P) are com-
prised of one key row CPowx’ , CPowxe(P)I | for each large block C ,i,j # Sp $ Sp (Definition
1.8). Using Lemmas 3.7 and 3.12 we can reconstruct Pow(P) and Powxe(P) in a straightforward
manner from CPowx(P) and CPowxe(P), respectively, using the “translation” operations involv-
ing multiplying key small blocks by certain monomials in the variables X; (Theorem 3.13). In
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addition we have shown that there are certain symmetries (Theorem 2.12), among the large blocks
of Powx(P) and Powxe(P), and we have given some vertical “inclusion relations” among the large
blocks of Powxe(P) (Lemma 3.16 and 3.17). Finally we determined the key subblocks of the di-
agonal large blocks B | and thus CPowxe(P) (Theorem 3.27). We now give a second method, an
algorithm, to construct CPowx(P) and CPowxe(P). This method underlies the algorithm given in
[Basl1, Tal] for constructing the integer matrix Pow(P) (Theorem 3.32).

Constructing  CPowxe(P).

In order to state our result, we need a “star product” for row vectors with entries in K [X4]; the
related “product” for their integer degree vectors is defined in the notes [Ial], and used there to
construct the integer matrix CPow(P) that determines Pow(P). This product is at first simply a
notation to describe multiplication of two Hankel matrices, using just the top rows, which will be
the (row vector) entries of CPowxe(P)). However, a second aspect is that we by fiat arrange that
the coelcien ts of monomials in the product are each one. Here a “monomial” of a ring is a product
of variables, with coelcien t one. Writing f in K [X1] asf = i, ¢ # k, )i # Mon(X1), 1 =
Mj , i =], wesay that each G| is a “term” of f .

Debnition 3.31. For two elements of the polynomial ring K [X 1], we define Mon(ab) as the set of
monomials in the product ab. For rows a = (ay,ap,...,a) and b= (by, by, ...hy) with elements in
a polynomial ring R, we define the “k star product” @) b to be the following element of K [X1],

3 3
a)x b={Mon(a;h) Mon(azh_1) &} (3.55)

We also define for two polynomials p,q# K [X1] the sum p+mon ¢ as the sum of all the monomials
appearing in p or . each with coelcien t one. Thus, (a? + 2ab) +men (2ab+ b?) = a2 + ab+ 7.

For i, j # Sp we denote the row V (i) = CPow(P)" by r(i) and the row CPow(P)! by r(i, j)

when j =i. The following result allows construction of CPowxe(P ) in steps: one first constructs all
the first nonzero entries of each element (a row vector) of CPowxe(P ), then all the second nonzero
entries, ..., then the a-th nonzero entries. The “a-th nonzero” entries occur in quite di"erent

positions in the row vectors r(i) or r(i, j ) as indicated below.
Theorem 3.32 (Algorithm).  A. The brst non-zem entries of rows of CPowxe(P) satisfy
i. For r(i) (it is the second entry r(i)y):
) o
U it ji =ni,
s it if ji =N +Nis1, (3~56)
"o 0f i =np+niog.
" 4 0 i aany 2
i. Forr(g,p),q<p, c%® a<i<pi €Sp cd ab, aaah, , .
(it is the (p+ 1 ( q)-g1 entry).
G 04 0 o inr 2
ii. For r(p,q), p> q, bjaddly, 1 & gcicpies, €7D &EAN,
B. For a> 1 the a-th non-zer entries of rows comprise the OsumO#fon Of
i. For eachr(q) row,
L"8
2. +mon 2¢>p>q +1 {r(a.p))a+ r(p,a)}.
3. +mon q—a<i<q 71{" iq é-r(i)i+a+l 7q}

(it is the (a+ 1) entry of r(q))
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ii. For eachr(q,p),q< prow,

1. Cgp &r (Q)as+1
2.1(q,P) ) p—q+a r(p).
Proof outline. This follows from Theorem 3.27 and the Lemmas preceding it. Or, more simply, it

follows from the definition of Powxe(P) in equation (3.7), and an induction on &, using the partial
sums Powxe(P )<k of (3.11), and (3.46). !

Note 3.33. Suppose p< Q. Then the entry r(p,q) of CPowxe(P) is from the lowest degree sublock
EP] of CPY, and the entry r(q, p) is from the highest degree subblock Eﬁf},np of CI. These blocks
are related by

5 6 5 6
Efin, =$(ap) &1} = $(qp) & (EFY), with $(op) = BYaaad, , & blasah, , . (3.57)
Example 3.34. When P = (32,2,1%) from Example 1.18 then r(13) = eg EX = (0,0, eg), and
! $
bsd
ESL —# 0 & —bsaE}! = bsal (EX).
0

Subpartitions and Powxe(P).

*** To be written ***. Related to Note 3.3 and Remark 3.30. Basically, when P’ " P is a
subpartition, each monomial in an entry of Powxe(P’) should divide one of a corresponding entry
of Powxe(P).

3.5 Questions, comments on the digraph D(P) and on Q(P).

There is a substantial literature on posets, digraphs, and path algebra, with which we are not
so familiar: these include articles by Gansner (digraphs, nilpotent matrices, partitons), Fishkind
(poset similarity), Britz-Fomin (Posets and partitions - survey), Edelman (perturbation of pencils),
as well as those of Posner and Knight-Zelevinsky, and the recent work of Oblak. In this context
we note some facts about the digraphs arising from Pow(P) (or, equivalently, from A # Ng sp),
which may be well known.

Given P let W (P) be a generic matrix having the zero, nonzero pattern of A generic in Ng sp,
with entries Wyy in K [W]. Let Q(P) be the Jordan partition of A, and QW (P) that of W (P).
Then we have,

Lemma 3.35. Let K be a Peldwith char K = 0. We have- (u,v),1%u,v %N,k # N,
AX, =0& Wk =o. (3.58)

Also,

QW(P)! Q(P); index(W(P)) = index(Q(P)). (3.59)
When Q(P) has one or two parts, then Q(P) = QW (P).
Proof. The first equality (3.58) follows from of [Ial, Lemmas 2.1 and 3.2], essentially that Pow(P)
depends only on the pattern of zeroes and non-zero elements of A. The inequality QW (P) ! Q(P)

follows from A being a specialization of W. The index equality of (3.59) follows from equation
(3.58), and it implies the last statement. !
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Question 3.36. Is Q(P) = QW (P)?

Recall that the digraph of an N $ N matrix M is a poset with vertices the interval [1, N] where
there is an arrow from u* v & My, = 0. We denote by

D(P) = the digraph of the generic matrix A # Ny, sp. (3.60)

A chain from u* v is “complete” if it can not be further refined. It is “maximal” if it cannot be
included in a longer chain. It has “maximal length” if it is a longest chain from u to v. We defined
the subset of unknowns X1 in (3.2). Recall that ap = ny, ap;.

Lemma 3.37. There are no oriented cyclesin the digraph D(P). Complete chainsin Dp have
edgesX v # X1. For eachtranslation of a small block in Lemmas3.12, 3.16, there is a correspnd-
ing emkedding of each complete path of P starting and ending in the small block to a path starting
and ending in the translated block. Each path in D(P) is contained in a complete path from 1 to
ap .

Proof. That there are no oriented cycles in the digraph is equivalent to AK, = 0 for all positive
integers K: but any matrix C in Ng gp, satisfies Cyy =0-u,1 % u % N, hence so does AX. Now
suppose by way of contradiction that ¢ is a complete oriented path of D(P) with an edge (uv) not
in X1, and let Pow(P)y = k. Then ((Mx,)*)w = 0, by Lemma 3.2 and the definition (3.1) of
Powx(P). One may replace (uv) by a K-chain with edges in X1, contradicting the assumption that
Cc was a complete chain.

By Proposition 3.19 each monomial in any entry of Powxe(P) divides one in Powxe(P )14, -
Then Lemma 3.4 shows the path analogue. !

The edge multiplicities of a complete chain C is the monomial in the edges XS:,EV , where mg,
is the number of times this edge X, # X1 appears: however, we assume that we have the Hankel
equalities among the entries X, (thus, the multiplicities mS, may be greater than one, without
there being oriented cycles).

Observ ation 3.38. Let D(P) be the digraph of a generic A # Ng sp,B = Jp. There is at most
one complete chain from U to v having a given edge monomial in K [X4] (see Lemma 3.4, where
this is shown in slightly di"eren t language).

This statemen does not extend to arbitrary paths from u * Vv (see the entry "1 of AZ in
Example 1.7). However, this ambiguity for non-complete chains is essentially from such equalities
as @® d4a = ada®, but a3 has a unique writing as a d4a da as a product of degree one monomials.

Note . For the generic A # Ng the corresponding digraph of course has oriented cycles. This a"ects
conclusions about commuting pairs or triples in Ng, for example the problem of determining the
number of irreducible components in the family of commuting pairs of matrices in Ng. But for
problems concerning the rank of A for a single A # Ng, we may assume A # Ng sp. Can we use
the result S. Poljak [Pol, Theorem 1]) (see also the exposition in [KnZe, Theorem 2.3])?

Question 3.39. A. Considering matrices invariant under a group action, are there special upper
bounds on the rank of AX that that are (sometimes) lower than the Poljak bounds? Is there a
combinatorial structure related to Poljak’s, but with group action included?

B. Can the rank of AK be read from the entries of Powxe(P)?

C. What can be said about the larger question of determining the Jordan partitions that occur
for matrices in the nilpotent commutator?
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D. If one labels distinctly the di"eren t entries of A that are equal (by the Hankel relations), with
either commuting or non-commuting variables (or some mix), then there are still some striking
symmetries and relations between entries of the small blocks, and “translations” relations
among the small blocks of the expanded analogue Powxenc (P) of Powxe(P). In Example 1.14,
replacing ¢ by G, Gi , d by di, d;i, dii in successive entries of A, one finds that the small blocks
in the (3,3) portion of Powxenc (P) satisfy

Powxenc (P)11 = di &Powxenc (P)31. (3.61)

Thus there appears to be a relation between paths that begin and end in related small blocks,
for the digraph of the generic W (P) above, finer than or supplementing that occurring mod
Hankel relations on A, that we have studied.

Acknowledgmen t. We thank J. Weyman for helpful conversations and suggesting that ! might
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