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Abstract

In his 1964 paper, de Bruijn (Math. Comp. 18 (1964) 537) called a pair (a,b) of positive odd
integers good, if Z=aS©2bS, where S is the set of nonnegative integers whose 4-adic
expansion has only 0’s and 1’s, otherwise he called the pair (a, ) bad. Using the 2-adic integers
we obtain a characterization of all bad pairs. A positive odd integer u is universally bad if
(ua, b) is bad for all pairs of positive odd integers @ and b. De Bruijn showed that all positive
integers of the form u = 2% + 1 are universally bad. We apply our characterization of bad pairs
to give another proof of this result of de Bruijn, and to show that all integers of the form
U=y (4) are universally bad, where p is prime and ¢,(x) is the nth cyclotomic polynomial.
We consider a new class of integers we call de Bruijn universally bad integers and obtain a
characterization of such positive integers. We apply this characterization to show that the
universally bad integers u = ¢, (4) are in fact de Bruijn universally bad for all primes p> 2.
Furthermore, we show that the universally bad integers ¢« (4), and more generally, those of
the form 4% + 1, are not de Bruijn universally bad.
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1. Introduction

Consider the set S ={0,1,4,5,16,17,20,21, ...} constructed by taking sums of
finite subsets of the even powers of 2 (0 corresponding to the sum over the empty
subset). It is well known that the integers Z can be written as Z = S&2S (which
means that each integer n can be written as a difference, n = s — 2s, with 51,5, €S,
in exactly one way).

In connection with problems on bases for the integers, de Bruijn used this
relation between S and Z, to define what he called in [3], good pairs of positive
integers (nota bene: what de Bruijn called a good pair in [3], he previously called a
basic pair in [2]).

Definition 1. A pair of positive, odd integers (a,b) is good if Z = aSE2bS;
otherwise, the pair is bad.

Following de Bruijn, we note that the pair (a,b) is good if and only if the formal

relation
o0

F(x)F(x2) = > &
k=—0

holds where F(x) is the following infinite product:

F(x) =] +x*).
k=0

Some examples of good pairs include (1,1), (1,7), and (7,13). A list of some good
pairs (a,b) can be found in [3] (this 1964 list was made with the aid of a computer,
and it extends his earlier 1950 list in [2] for 1<a<b<100 obtained by “pencil and
paper” and ‘‘shuffling four strips of paper’—these quotes are from de Bruijn’s 1964
paper [3]; see our acknowledgement at the end of our paper). De Bruijn gave some
conditions for a pair to be good: For example, he observed [2] that ged(a,b) = 1isa
necessary condition; he showed (a, b) is good if and only if (b,a) is good; in [3], de
Bruijn gives a procedure which, for each pair (a,b), determines in a finite number of
steps whether the pair is good or not.

We use the 2-adic integers to give a complete characterization of all bad (and
therefore all good) pairs in our Theorem 12. This characterization follows from an
elementary consideration in Section 2 of the 2-adic integers Z,, ending with our basic
result (Theorem 10) that for any pair of positive odd integers (a,b), the 2-adic
integers can be written as Z, = aS&2bS = aS©62bS (here the closures are taken in
the 2-adic topology).

De Bruijn proved [2, Theorem 8], that any integer u = 2K + 1, k>1 satisfies the
following: for each pair of positive odd integers (a, b), the pair (ua, b) is bad. We call
such integers u, universally bad.

Definition 2. A positive integer u is universally bad if the pair (ua,b) is bad for all
positive odd integers a and b.
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Note that when u is even, it is trivially universally bad: u is even implies the
difference set uaS — 2bS contains only even integers for positive odd pairs (a, b). It is
only among the positive odd integers that we find nontrivial universally bad integers.
We note that if u is universally bad, then for any (odd) x, (u(xa),b) is bad for all
positive odd pairs (a,b); thus any multiple of a universally bad integer is also
universally bad.

We apply our characterization of bad pairs to give a new proof of de Bruijn’s
2% 41 result. The argument also shows:

Theorem 3. All integers u = ¢, (4) are universally bad when p is prime, k=1, and
¢, (x) is the n’th cyclotomic polynomial.

Our approach leads us to consider a new class of universally bad integers which we
call de Bruijn universally bad integers (see Section 3). Theorem 19 characterizes the
de Bruijn universally bad integers and we use this characterization to prove that the
integers ¢ (4) are de Bruijn universally bad for any prime p except p = 2. In Section
4, we show that the universally bad integers ¢ (4), and 45 41 are not de Bruijn
universally bad. We end the paper with some questions for further research.

The reader should note that we use only elementary properties of the 2-adic
integers and cyclotomic polynomials. We provide, in Section 2, the basic properties
of the 2-adic integers; in Section 3, we summarize the necessary properties
concerning cyclotomic polynomials (see also [5]).

2. The 2-adic integers

Our analysis uses the 2-adic integers whose properties we recall in this section (see
[1] or [8] for details).

Definition 4. For a nonnegative integer n>=0 the 2-adic order of n is defined by
ord(n) = k, if k is the highest power of 2 which divides n. The 2-adic norm of n=0 is
defined as |n| = 272"}, We follow convention by setting ord(0) = oo and |0] = 0.

We denote the 2-adic integers by 7, = {z =", z2": z;€ {0, 1} }, the completion
of the nonnegative integers (denoted by N) in the 2-adic norm. We denote by S, the
closure of S in this norm. For notational convenience we identify Z, with {0,1}",
using the correspondence z = > z;2'«> (z9z1 23 -+); z; is the entry in the ith coordinate
(or the ith place) of z—note that the coordinate numbering starts at 0. We extend
ord: Z—>Nu{oo} from the integers, to the 2-adic integers, by setting ord(z) = k, the
coordinate of the first nonzero entry z; of z = 3 .z,2/ = (z9z) -+ ) € Z5. Define the 2-
adic norm of zeZ,, by setting |z| = 2-7“(). This relation between |z| and ord(z)
permits the analysis of convergence in terms of ord(-) instead of | - |. Thus, a sequence
of terms z(n) e Z, converges if and only if ord(z(n) — z(m))—> o0 as n,m— 0.
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Under this correspondence, the positive integers are represented in the 2-adic
integers as n = (nomny---) with n; =0 for all but finitely many #’s; the negative
integers are represented by m = (mommy---) with m; = 1 for all but finitely many /’s;
numbers in S and its closure S have 0’s in all odd places: i.e., ¢ = (co0;---) €S if and
only if g,;41 = 0 for all ie N. Addition in this representation is coordinatewise from
left to right with ““carry” to the right.

The geometric series formula for the 2-adic integers is a valuable tool in our
analysis. A rational z = p/q, ged(p, q) = 1, is in Z; if and only if ¢ is odd, and in that
case, z has an eventually repeating representation in the 2-adic integers given by
z =120 Zk_1Zk Zksr—1) Where the notation Zz---zx;,_; indicates this r-block
repeats forever.

Lemma 5 (Geometric series). If |x|<1, (i.e. ord(x)>1) then Y ' x' =L in the 2-
adic integers.

Here are a few illustrations: The integer —1 has the representation —1 = (1) =
>0 2" = {5 the fraction —{ has the repeating pattern (10) = > "4’ = {1, and in
general, Y 4" =1 Note that these latter two are 2-adic integers in the
closure of S.

To distinguish the set S and its difference set S — S = {s — s’ | 5,5 € S} from other
2-adic integers we consider the following definition.

Definition 6. A 2-adic integer ze Z, is of even order if ord(z) = 2i and of odd order if
ord(z) =2i + 1.

We note that all odd integers a, (positive and negative) are of even order: in fact,
ord(a) = 0 since the highest power of 2 which divides an odd integer a is 2°. By
convention, 0 is considered both even order and odd order, and is the only such number.
The idea of using even order to study complementing pairs can be found in [7,9].

The proofs of the next three lemmas are easy and are left for the reader.

Lemma 7
(a) s is of even order for all s€S.
(b) s — 5 is of even order for all 5,5 €S.

Furthermore, the lemma extends from S to aS where « is a positive odd integer,
and to the closure S in the 2-adic norm.

Lemma 8. Let a be a positive odd integer. Then,

(©) ac is of even order for all c€S and ord(ac) = ord(c).

(d) ag — ad’ is of even order for all ¢,0'€S and ord(ac — ad’) = ord(s — o).

An immediate consequence of these two lemmas is
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Lemma 9. Let 1,7 €2S and let b be an odd integer. Then,

(€) ord(bt) = ord(t) and each element in 2S is of odd order.
() ord (bt — bt') = ord(t — 7') and each element in 2S — 2S is of odd order.

This odd/even dichotomy between the sets S and 2S implies the next result which
is fundamental to our analysis (see also [6]).

Theorem 10. For all pairs (a,b) of positive odd integers, the 2-adic integers can be
written as

7, = aS62bS = aSS25S.

The theorem will follow from the following three facts which we now prove:

(1) aS — 2bS = aS ©2bS: the difference is direct.
(2) 4S = 2bS = aS — 2bS: closure distributes over difference.
(3) 7, = aS — 2bS: the closure includes all of the 2-adic integers.

Proof (1) aS — 2bS = aS©S2bS.

We show that each difference is unique. Suppose ao — 2bt = ac’ — 2b7'.
Rearranging the terms gives a(o — ¢’) = b(2t — 27’). The left-hand side has even
order by Lemma 8(d) and the right-hand side has odd order by Lemma 9(f) and so
both sides must be 0.

(2 aS —2bS = aS - 2bS.

One containment, aS — 2bS 5aS — 2bS, is obvious. The other containment follows
from: Suppose as(n) — 2bt(n) converges in Z,, with sequences s(n),t(n)eS (a,b are
positive odd integers). Then s(n) and t(n) each converge. The latter follows by
rewriting the Cauchy difference as(n) — 2bt(n) — (as(m) — 2bt(m)) = [as(n) —
as(m)] — b[2(¢(n)) — 2(¢(m))] and using the fact that when ord(x)#ord(y) then
ord(x+y) = min(ord(x), ord(y)). Apply this to x = [as(n) — as(m)] which has even
order and y = b[2(¢(n)) — 2(z(m))] which has odd order.

() 7, =aS -2bS.

It is enough to show that aS —2bS is dense in Z which is in turn dense
in Zz.

Fix N and consider the 2?" integers k€{0,1,...,2?Y — 1}, and denote the ball of
radius 272V around each k, by Bioy = {z:ord(k — z) 22N} = {z: |k — z| <272V},

The 22V sets, {Bron:k=0,1,...,22Y — 1}, are disjoint clopen sets and form a
partition of Z,. In particular, every integer (in fact every ze€Z,) is in one of the
clopen sets and must agree with exactly one of the integers k€ {0,1,...,2*¥ — 1} in

the first 2N coordinates.
Each integer k is a unique difference k = s, — 2t with s, 4 € S. Using this, define a
map f by setting f(k) = asi — 2bty.
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It will turn out, from the next lemma, that every integer (and again
every z€Z,) must agree in the first 2N coordinates with exactly one
of the 22V images f(k), 0<k<2*. The required lemma follows by
rearranging terms and using the odd and even order properties of differences from S.

Lemma 11. Let s5,t,5',f' €S. Let a,b be positive odd integers. Then ord((s — 2t) —
(s" —21")) = ord((as — 2bt) — (as’ — 2bt")).

Returning to the proof of (3), each image f(k) must be in one of the clopen
sets of the partition {Bioy:i=0,1,...,2"Y —1}. The 2-adic distance between
any two distinct integers k,k'e€{0,1,...,2°N — 1} is greater than 272V; that is,
ord(k — k')<2N. By Lemma 11, their images f (k), f (k') have a distance greater than

272N and so must be in different sets in the partition. This completes the proof of
Theorem 10. [

3. De Bruijn universally bad integers
Using Theorem 10 we have

Theorem 12. The pair of positive odd integers (a,b) is bad, i.e. Z#aSS?2bS, if and
only if there is an integer n such that n = ac — 2bt, where ¢ or 1€ S\S.

Proof. If some integer n = ac — 2bt, where ¢ or 1€S\S, then by the uniqueness

property of the decomposition Z, = aS&2bS, there cannot be s,7e€S with n =
as — 2bt. Conversely, if the pair (a, b) is bad then there is some integer n which is not
in aS — 2bS. But then Theorem 10 implies that this n = ae — 2bt and at least one of

o or T must be in S\S. O

The next corollary, which is a special case of de Bruijn’s result that 2% + 1 is
universally bad [2, Theorem §], illustrates how we use Theorem 12.

Corollary 13. The integer 3 is universally bad.

Proof. Let (a,b) be any pair of odd positive integers; we need to show that (3a, b) is
bad. The fraction — = (10) belongs to S\S. Putting ¢ = —! and =0 we have
—a =3ac — 2b -0 and so by Theorem 12, (3a,b) is bad. O

Consider the following class of integers.

Definition 14. An odd positive integer u is a de Bruijn universally bad integer if there
is some ¢ S\S such that uceZ.
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Using Theorem 12 in the same way that it was used in the previous corollary we
have:

Corollary 15. De Bruijn universally bad integers are universally bad.

From the definition of a de Bruijn universally bad integer, it is obvious
that any odd multiple of a de Bruijn universally bad integer is de Bruijn
universally bad. Since 3 divides any integer of the form 2%*! + 1 the following is
immediate.

Corollary 16. For all k>0, 2**' 1 is de Bruijn universally bad.
Other de Bruijn universally bad integers are given in the next two examples.

Example 17. The integer u =85 is de Bruijn universally bad. To see this,
observe that the fraction —21/255= (10101000) = 4+ eS\S,  and
8534 =-1.

Example 18 The integer u = 341 is de Bruijn universally bad. In this case, the

fraction —3ks = (T000101000) = 424 is in S\S and 341 - 8L = —27.

The integer 341 is a new universally bad integer not on de Bruijn’s list [3]. It is a
product of 11 and 31 neither of which is universally bad. The integer 85 is on de
Bruijn’s list since it is a multiple of 5 = 22 + 1 and 17 = 2* + 1, which are universally
bad, although neither 5 nor 17 is a de Bruijn universally bad integer—we show the
latter fact in the next section.

These examples are special cases of the following:

Theorem 19. A positive odd integer u is a de Bruijn universally bad integer if and only if

there exists a fraction of the form ¢ = Z{ o % eS\S with 6;€{0,1}, and such that
ucel”.

Proof. If u is a de Bruijn universally bad integer, and wx =n with a€S,
then o =n/u and so is “rational”. It remains to show the there is a o of
the form above; i.e. possessing a purely repeating 2-adic expansion, such
that use”Z.

The 2-adic representation of o = n/u is (ctgoty -0 10011 L1 R-1)- Since xeS,
then oy, = 0 for all i, and o is the infinite sum

-1 R-1 w
o= Z g4l + <4LZ (5,4’) (Z 4’R>,
=0 =

1=0

where ¢,0;€{0,1} and dp = 1.
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Multiply by u to get the integer n
L1 R-1 %
uo = u Z ed! + u<4L Z 5,4’) (Z 4-/R> =n.
i=0 i=0 j=0
A simple subtraction yields
R-1 © L-1
u <4L > 5,~4f> <Z 4JR> =n—uy &4

i=0 =0 =0

The right-hand side is an integer, which we claim is divisible by 4%. Indeed, the left-
hand side is a product of 4 terms: u which is a positive odd integer; 4" which is a
power of 2; S°K7'6,4" which is a positive odd integer since oy = 1; 3" 4R = 3%
which is a fraction with an odd integer (negative) in the denominator. Since the
product of the 4 terms is an integer, the product must be divisible by 4%.

Dividing by 4¢ we have ¢ = ( 1oy /(1 - 4R) is as required since

() 5)- )

which is still an integer.
The converse is trivial. [

We extend this argument to prove that the positive integers ¢, (4) are de Bruijn

universally bad when ¢, (x) is the nth cyclotomic polynomial. Briefly, for n>1, the
nth cyclotomic polynomial is defined recursively by the relation

X =1 =M. gy da(x),
where the factors d of n in the product above, include both 1 and n.

Theorem 20. The integers ¢ ,(4) are de Bruijn universally bad integers for primes
p>2, integers k=1, and ¢, (x) the nth cyclotomic polynomial.

Before proceeding with the proof of the theorem, we collect some facts about
cyclotomic polynomials (see, for example [5]): for p a prime and integers k=1,

$p(x) =14 x+ - 27!
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The proof of the theorem also uses the following fact which follows immediately
from the expression above for ¢, (x). For p prime, and k>1,
Pl

d)p"(x)d)pk*'(x)"'d)p(x) = Z xi'
0

As a consequence of Theorem 20, we have that ¢5(4) = 341 (which was shown
earlier to be a new universally bad integer) is a de Bruijn universally bad integer.

We will show in the next section that ¢, (4) is universally bad but is not de Bruijn
universally bad.

Proof of Theorem 20. To begin with, observe that ¢y (4) =1+43" +423" is
always divisible by 3, and so is a de Bruijn universally bad integer. We therefore
assume that p is a prime and p>3.

Then,

(4 ar )yl g sy
1 — 4" 1 — 4t

o =

eS\S.
So,
(1 YT 421’"") Sy
1 — 4
pp@)y 4
| — 4

Py
—(1 4pk—1 42])/(71)20
( + + 1 — 40"

¢p"’ (4)0- = ¢p"' (4)

1

- (1 T 42""")

1+4{)k—1 +42pk—l
- 1—4
ez

because 1 + 47 + 4% is divisible by 3. O

Using properties of the cyclotomic polynomials we can get additional de
Bruijn universally bad integers. First, we introduce some notation. For a
finite set of nonnegative integers A = {0 = a; <a, < --- <a,} define the polynomial

A(x) =Y x4

Corollary 21. Let A ={0=a <ax<---<ay} be a finite set of integers whose
cardinality n is divisible by some prime p> 2. If there exists another finite set of integers
B={0=b<by<---<by} such that A@B={0,1,....,nm—1}. Then A(4) is de
Bruijn universally bad.
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Proof. Under these hypotheses, de Bruijn’s work [4] on tiling the non-negative
integers implies there must be a k>1 so that ¢, (x)|4(x) (see also the related result
in Coven—Meyerowitz [5, Lemma 1.3]). Thus A4(4) is a multiple of the de Bruijn
universally bad integer ¢ (4). O

4. More universally bad integers

De Bruijn showed that each integer in the sequence 2% + 1 is universally bad, and
we have just seen that half of these, namely those of the form 22%*! 1 for k>0 are
de Bruijn universally bad integers. In this section we show that the remaining
integers (i.e., those of the form 2% + 1, for k> 1) are universally bad while not being
de Bruijn universally bad. We begin by presenting the proof for u = 5. This contains
all the essential ideas.

Proposition 22. The integer 5 = 2% + 1 is not de Bruijn universally bad.

Proof. If 5 = neZ for some o€ Z,, then o = n/5. We show that any number of the
form n/5, where 54n, is not in S\S. Our method, is to look at the 2-adic
representation of o = (oo 02+ ), and use the fact that any number in S cannot have
a 1 in any odd coordinate (we remind the reader that in our numbering, oy is the
entry in the Oth coordinate).

First —1/5 is not in S, since the 2-adic representation of the fraction
—1=(1100) has 1 in coordinate 1. The 2-adic representations of the fractions
—2=(01100), —2 = (1001100), —% = (001100) all have 1 in an odd coordinate and

so are not in S.

Now, adding any positive integer m to one of these four fractions gives m — é (for
1 <i<4) whose 2-adic representation follows. Since m is a positive integer its 2-adic
representation must end in all 0’s.

m = (mymy -+-00000000--)

—i/5= (fofi- 11001100---)
m—i/5=( - 11001100---)

Looking at the sum m — é and recalling that addition is coordinatewise from left to
right with carry to the right, we see (because there are two 0’s in a row in the 2-adic
expansion of —i/5) that there can only be a finite number of carries in the addition

above, and hence the sum m — ¢ must end in the repeated block 1100. Hence, all

numbers m —é for m>0and i = 1,2,3,4 are not in S.
A similar argument holds if m <0. In this case, m ends in all 1’s and therefore from
some coordinate on, when m is added to —i/5, there is always a carry to the right and

as above, the sum m — i/5 ends in the repeated block 1100. [
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The next lemma is required for both the proposition and theorem which follow it.

Lemma 23. For any odd positive integer b which is not a multiple of 3 there is a number
in —2b(S\S) with a fractional part either % or 3.

Proof. Since € — 2(S\S), then e — 2b(S\S) is our required element since b is not
a multiple of 3. O

Proposition 24. The integer 5 is universally bad.

Proof. Let (a,b) a pair of positive odd integers. We show (54, b) is bad. Without loss
of generality, we can assume that neither a nor b is divisible by 3, otherwise
Corollary 13 and the fact that (u,v) is bad if and only if (v u) is bad, would imply

that (5a,b) would be a bad pair. The two numbers — 3 Land —& = (10001000) = >_4%
are in S\S. Multiplying by 5 we see that —32and —} are both in 5(S\S). Therefore,
since « is not a multiple of 3, the set of fractional parts of the two numbers —§ and

—3is {1/3,2/3}. The previous lemma shows that, for T = —1 (S\S) the fractional
part of —2bt is 1/3 or 2/3. Choose ce5a(S\S) to be elther —4 or —¥, so that
o — 2bteZ. Using Theorem 12, (5a,b) is bad. O

Theorem 25. For all k=1, the odd integers u = 2* 41 = 4% + 1 are universally bad
but not de Bruijn universally bad.

Proof. First to show that 441 is universally bad (using Lemma 23 in the
same way it was used in the previous proposition), it is enough to show that (1 +
4k) . (S\S) contains two numbers one with fractional part — and another with
fractional part —3.

Observe that 1 —4% = (1 —45)(1 +45) = (1 —4)(35 '4)(1 +45). Put o=

k— 1

4% eS\S Consider (1 + 4%) times the two numbers ¢, —1€ S\S. The first product

k— I
is (1 + 4K = 1+41 %0 = —1 The second product is (1 + 4)(—1) = —(4k3’1 +3) =

—( AN %) Hence, u = 4% + 1 is universally bad.

Finally, we show that 4% 4 1 is not de Bruijn universally bad; that is (1 + 4) - ¢ ¢ Z
for every ceS\S. This follows if we show that the 2-adic representation of (1 +
4Yg = (zoz; ---) cannot end in all 0’s or all 1’s.

If 0 = (0001 --~)e§\§, then for infinitely many 7’s, 6; = 1 and for all i, 65,1 = 0.
In (14 4X)c the even coordinates of ¢ and 4¢ are being added (with a possible
carry to the right). Therefore, infinitely often, either two 1’s add giving a 0 in
an even place and a 1 in the next odd place, or a 1 and a 0 add giving a 1 in
an even place and a 0 in the next place. Either way, ¢ 4 4X¢ cannot end in all 0’s or
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all 1’s, and is thus not in Z.
o= (00--0g--10---10---)

4o = ( go---10---00---)
(1+4k)0-:( -++01---10--+)

This completes the proof of this theorem. [

Finally, noting that ¢y (4) = $,(4* ) = 1 +4*"", we have
Corollary 26. The integers ¢ (4) are universally bad but not de Bruijn universally bad.
5. Questions about universally bad integers

We end this note with some questions for further investigation, and an
acknowledgement of our admiration of de Bruijn’s work.

Question 1. If'u is a de Bruijn universally bad integer, is it divisible by 3 or ¢ (4) for
some p and k?

Question 2. The integers 45 + 1 (and their multiples) are universally bad but not de
Bruijn universally bad. What other integers are universally bad but not de Bruijn
universally bad?

Question 3. What is the (upper and lower) density of the universally bad integers?
Assuming the density exists, it is certainly more than 1/3.

Question 4. Given an odd positive integer a which has at least one b with which it is a
good pair, are there infinitely many b’s with which it is a good pair? De Bruijn [3] shows
that this is true for a = 1.

Question 5. Is there an algorithm—meaning some program that stops in a finite
number of steps—which determines if a given integer is universally bad?

Remark. We end these questions with an acknowledgement of our admiration of the
work of N.G. de Bruijn (and his four strips of paper). In his 1964 paper [3] de Bruijn
gives a procedure, which for a pair of integers (a, b) determines in a finite number of
steps if it is a good pair or not. This is done by constructing an oriented graph whose
vertices are the integers' and then showing that (a,b) is good if and only if the graph
is a tree. Referring to his earlier 1950 paper, de Bruijn notes in [3].

If x, x| are integers, de Bruijn takes an oriented edge from x to x; if and only if one of the following
relations hold:

x=4x;, x=4x; +a, x=4x; —2b, x =4x1 +a—2b.

Removing the loop from 0 to 0, yields the graph referred to above.
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“In [2] we listed all good pairs as far as 1 <a<b<100, obtained with the aid of
pencil and paper. (This included making a table of the relation between x and x;,
constructed with four strips of paper that simply had to be shifted in order to
switch on the next pair.)”
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