A FAMILY OF GENERALIZED RIESZ PRODUCTS

A.H. Dooley and S.J. Eigen

Abstract. Generalized Riesz products similar to the type which arise as the spectral
measure for a rank-one transformation are studied. A condition for the mutual singularity
of two such measures is given. As an application, a probability space of transformations
is presented in which almost all transformations are singular with respect to Lebesgue

measure.
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1. Introduction

Recently, Choksi and Nadkarni [6] gave a simple proof that the maximal spectral type
of a rank-one transformation was, modulo some atoms, a kind of generalized Riesz product

measure.

In [2], Bourgain examined a special space of rank-one transformations called class-one
(originally due to Ornstein [14]) and derived, for each transformation in this space, the
same kind of generalized Riesz product as part of the spectral measure of an L? function.
Using this, together with some results of Bonami on the group D+, Bourgain demonstrated
that almost all the mixing transformations of class-one have spectral measures which are

singular with respect to Lebesgue measure.

The generalized Riesz products obtained by Bourgain and Choksi-Nadkarni differ in
a significant way from the generalized Riesz products considered by Parreau [15], or from
the G—measures considered in [3] in that they are no longer defined on independent sets,

but on “blocks” of integers which are pairwise independent.

In this paper, we show how to generalize the dichotomy techniques of [4], [11], [17]
to this setting. As a result, we obtain a Bourgain-type result based on a simple counting

argument.

The plan of the paper is as follows: In section two, we define our generalized Riesz
products, prove uniqueness and give a criterion for continuity. Section three contains the
principal dichotomy results. In section four, we give a criterion for absolute continuity both
with respect to Lebesgue measure and with respect to another generalized Riesz product.

In the final section, we apply these results to the Ornstein class-one transformations.

2. A family of generalized Riesz products

In [6], Choksi and Nadkarni defined polynomials on the unit circle by putting

2) — 1 my—1 Z_(jhk—FZj:l af)
ar(2) N I+ ; (2.0)
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and set pp = ‘qk |2. (Here hs, my, and aé‘? are given as part of the construction of a rank-one
n
transformation - see §5). Then they considered the weak*-limit p = lim H Pi A, which

k=1
exists, is unique, and is related to the maximal spectral type of the constructed rank-one

transformation.

The definitions below are motivated by this example. First, some notation.
(2.1) Notation. Let S denote a finite set of positive integers. Set
D1(S) ={s1 —s2 : s, € SU{0}, s1# s2}.
Notice that we can also write the set

Dl(S) :{6181+6282 18, €S, 81 F 82, € € {—1,0,1}, 0< Z’EZ’ <2, |Z€Z‘ < 1}

Observe that if ¢(z) = Z b(s) 2~ ° is a polynomial with frequencies from S° =
seS0
SU{0}, then D;(S) U {0} consists exactly of the frequencies which occur in h(z) = |q(2)]?.

Indeed, one can write

hz)= > )]+ Y ) 2,

s€S0 u€D1(S)

where

U=81—S82
81‘650

the sum being taken over all representatives u = s; — so with s; # so. If, as will be the
case with most of our examples, there is a unique such representation, then there is just a
single term in this sum.

The function b(s) defined on S is assumed to satisfy Y g0 [b(s)|* < 1.

In order to cover the Riesz product case, we normalize h(z) so that it has constant

term 1. We call this modified function p

p(z) = h(z) + (1 - \b(s)f)

s€8O
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By the construction, we have

(2.2) Lemma. With the above notation

0 [rpar-t

(ii) p(z) =1+ Z < Z b(s1) b(sz)> 2" where the inner sum is taken over all
ueD;y (S)
representations u = s; — sy with s1 # so € SY. O

U=81—82

(2.3) Definition. We shall say that S is (order-one) difference dissociate if each of

the elements of D;(S) are obtained in a unique way as s; — so with s1 # so € S°.

For difference dissociate sets, the form of p is particularly simple, as the inner sum

contains just one term.

Our generalized Riesz products will be constructed from a sequence {py} of functions

of the above form.

(2.4) Definition. Let {S; : k € N} be a sequence of finite sets of positive integers.
n
We will say that {Si} is dissociate across the k’s if the (nonempty) finite sums Z U
i=1
with u; € Di(Sy,;) and n; # n; for i # j, are all distinct.
(2.5) Remark. If each Sy is a singleton, then to say that {Sy} is dissociate across the
oo

k’s amounts to saying that S = U Sk is a dissociate set in the usual sense [8].
k=1

(2.6) Notation. Now suppose that we have a sequence {Sy : k € N} of finite sets of

positive integers. Suppose further that for each £ € N, we have a trigonometic polynomial

qr(z) = Z br(s) z~° with Z bi(s)]? < 1. As above, set

seSy s€SY

pr(z) = |ae (@) + (1= [oe(s)]”

s€S)

n
Define the measure p,, = H Pr A, where A denotes Lebesgue measure.
k=1



It is easy to recover the usual Riesz product construction from this. Let Sy = {sx}
a singleton for each k, and assume we are given oy € (—1,1). Choose aj and by with
a2 +b? < 1 and 2axby = . Then, in the above construction put gi(z) = ay + byz**. This
results in

A (t) = H (1 + ay cos sit)dt.
k=1

A slight variation of the usual proof gives

(2.7) Proposition. If {S;} is dissociate across the k’s, then the p, have a unique

weak*-limit.

Notice that 5 (0) = 1, and if u € Z\{0}, fix(u) = 0 unless u has the form Z s, Ui €
i=1
D4 (S;) U{0} with only finitely many u; non zero. If u has this form, then by dissociativity

across the k’s,
k

k
H pi(u;) = H Z b(s1) b(s2),

1=1 u;=s1—S2

the sum being over all such representations of u; with s; # s, € SY. Thus we have

(2.8) Corollary. Suppose that {Si} is dissociate across the k’s. Let p be the unique

N
weak*-limit of the pg. Then if u € N has the form u = Z u;, where u; € Dy(S,,) and
i=1
n; # n; for ¢ # j, we have

N
H f(ug), where

Z b(s1) b(s2),

the sum being taken over all representations of u; = s1 — s with s1 # s5 € SZQ. If w cannot

fi(uq)

be represented in this way, we have fi(u) = 0.

(2.9) Definition. The set of integers which have the form > u;, u; € D1(Sy,), ni #
n; for i # j, is denoted W1{S;} and referred to as the order-1 words of Sj.

Any measure formed by the above procedure will be called a generalized Riesz

product.



3. Mutual singularity

The usual proofs of singularity for Riesz products involve heavy use of the identity
fi(uy — ug) = fi(u1) ji(usz), where the u; belong to the dissociate set upon which the Riesz
product is based. In our case, this equality no longer holds, but we can nevertheless control
the sum of the terms ji(u; — ug) — fi(u1) fu(uz), u1, us € D1(Sg). This will be done in

Lemma (3.6), which is central to the proof of our main theorem.

In order to control our estimates, we need to assume that {Si} is a bit more than

difference dissociate.

(3.1) Notation. For S a finite set of positive integers, we are interested in the set
D2(S) = D1(D1(S)) = {u—v : u+# v € Di(S)"}, where D;(S)° = D;(S) U0. This
set will arise when, in the sequel, we calculate |p|?>. A problem with this set is that many
terms are obtained in more than one manner as a sum, s — s’ = (s —t) — (s’ — t) for all
t#s,8.

The above set is contained in D(S) where we define

=1

2K
DK(S):{ZEiSiZSiES7 Si%sjvi%ja EiE{_K7"'707"'7K}7Z'Eil#ov‘zezw SK}

(3.2) Definition. We will say that S is order-2 dissociate, if each number in Ds(S)

is obtained as a unique sum.

: N
Given a sequence {Sy}, we can form the order-2 words n = ) ._, w; where w; €

Dy (Sn,), ni # n; for i # j. Notice that every order-1 word is also an order-2 word.

i

(3.3) Definition. We say that the sequence {Si} is order-2 dissociate across the

k’s if all order-2 words are obtained as unique sums.

These definitions are actually slightly stronger than needed in the sequel, but they are
somewhat simpler than a collection of statements which give the best possible theorem.
We leave to the interested reader the task of formulating the weakest possible conditions

under which our techniques apply.



(3.4) Lemma. With the above definitions (3.2) and (3.3), for uy,us € D;1(Sk), the
difference u; — uz cannot be expressed as ) Upn,, un, € D1(Sp,;) except in the form

U1 — U2 = U3, U3 € Dl(Sk)

Proof. The number u; — us = (81 — s2) — (83 — $4) is in D2(Sk). As such, there is only
one way (this way) to express it as an order-2 word. For it to be an order-1 word there
must be some cancellation. Either, s; = s3 or sy = s4. If there is no cancellation, then

u1 — ug is an order-2 word which is not an order-1 word and so cannot be any other sum.

We will now show how to adapt Peyriere’s proof of the singularity of Riesz products

to the generalized Riesz products considered here. The theorem we will prove is

(3.5) Theorem. Suppose that {Si} is order-2 dissociate across the k’s, with each
Sy, order-2 difference dissociate. Suppose further that p and p’ are generalized Riesz
products based on {Sj}, associated to the sequences {by(s) : s € Sy} and {b}.(s) : s € Sk}

respectively, as in (2.6).

1Y N |br()bet) — bi(s)b, ()] = oo then pL p.
k=1 s#t€S?

oo
The above is equivalent, by each S order-1 dissociate, to Z Z
n=1 weD; (Sk)

fi(u) —

Proof. Choose a sequence 0 < n(1) <n(2) < --- with

n(i+1)

S @ - (0] > 1.

n(i)+1 s#£teS?

Define

R n(i+1)

EEED DD DD DIl CR SN OG)

U k=n()+1 5,18

R n(i+1)

=5 > Y (2 - heHm)
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where

’ n(i+1
S S o |br(8)e(E) — b ()b 0)]

and cgjg =0forn(i)+1<j<n(i+1).
n(i+1)

It follows that gR—fRzl,/ fRd,u:/ gr dp' =0, and Z Z ‘cg’ft)’zgl.

n(i)+1 s,teS?

Our aim is to calculate / |fr|*du, and show it is small.

We calculate

frl? = Ri( SIS el (2 = bi)ba() (5 by ()b (0)

k#j  s.tes?
u,veS0
J

FEY Y (o ) (5 i)

k=j (s:t)#(u,v)
e sV

DD rci’fzﬁ(zs—t—m@)%)(z«s—t—bk@m»))

=9 s,t)= s
k=j (s:)=(u)

ESk

Expanding and integrating the above, we find that the first sum-triple is zero and the

third sum-triple is easily bounded by 1/R. The middle sum-triple reduces to

R n(i+1) _
=3 S S AR~ )~ (- 0) — b))
i=1 k=n(i)+1 (s,t)#(u,0)

We claim that this is dominated by 3/R. It will then follow that [ |fr|* du < 4/R.
By interchanging the roles of y and p/, one sees that [ |gr|? du’ < 4/R.

The proof now follows exactly as in Peyriere. By the F. Riesz theorem, we can find a
sequence R, so that fr, — 0 p a.e. and gg, — 0 ' a.e. Recall also that fr, — ggr, = 1.
Letting A be the set of points = so that fr, (z) — 0, and B be the set of points where
gr, () — 0, we have u(A) =1, p/(B) =1, /(A) = u(B) = 0 and A and B disjoint. From
this follows p L.

The proof of the theorem will be complete once we show the following lemma.
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(3.6) Lemma. For each i

n(i+1)

> > AR (s =)~ (w =) — B OB (b)) | £ 3. (3.6)

n(i)+1 (s,8)#(u,v)
Proof. Consider the first term of (3.6).

n(i+1) -

S > AR al(s—t) — (u—v))

n(i)+1 (s,t)#(u,v)
n(i+1)
(br(s)bx (t) — bl ()b (¢ ))(bk( Ybi (v) — bl (w)b, (v))
=2 >
n(Z)+1 (s, t):i(:;”) (Z Z |bk: b/ ( )W|2>2

(s = 1) — (u—v)).

Since {8k} is order-two dissociate across the k’s we have

(s —u) ift=w,
ﬂ((s—t)—(u—v))z{

v —t) if s =u,
0 otherwise.

For the case t = v this gives

2 —
n(i)+1 <ZZ|bk b (1) — bl ()b}, (8) | >

n(i—i—l)z (Z‘(bk( Jbi(8) = B ()b (1)) Bi(s ‘Z‘ (br (w)bre () — by (w)b}, (t) ) i (u )‘)

teSY \s#t
< )y — 2
n(i)+1 (Z > |bk — by (s )Wf)

i) Sevezn ((B()00(8) = B (DbR(0)) be(s) ) ((Belu)bet) — b ()b (1)) bi () ‘

which by Holder’s inequality, applied to each of the innermost sums, is < 1. Similarly, for

the case s = u and the second term of (3.6). O

(3.7) In [5], Brown and Moran using similar techniques consider the problem of mutual
singularity for two Riesz products based on different dissociate sequences. This will be
explored in a future paper. The criteria of Brown and Moran is not valid for groups where

there are large sets of characters whose square is one, see [12].

4. Absolute continuity



In this section we give a sufficient condition for two generalized Riesz products to be
mutually absolutely continuous which generalizes Theorem 7.2.1 (ii) of [8] and provides a
partial converse to Theorem (3.5). The method is a more or less straightforward extension

of the proof given in [8]; we will just indicate the necessary changes. The theorem is

(4.1) Theorem Suppose that {Sy} is order-2 dissociate across the k’s with each Sy order-
2 dissociate. Let p and u' denote generalized Riesz products based on {Sy}, associated
to the sequences {by(s) : s € S}, and {b}.(s) : s € Sk}, respectively. Then the two

conditions Z br(s)[? < 1 for all k, and
SESK

> D steso [Pr($)b(E) — b (s)b} (1)
=2 (e bu(o)* + b4()])

‘ 2

< 00

imply p/ < p.

Proof. As in (2.6), we associate polynomials p; and pj, respectively to by and bj.

n n+r—+s
Define, for n,r,s € N h(n,r,s) = Hp; H pr, and set
7j=1 k=n+r+1

n+r

I(n,r,s):/ H (pepi) Y ?h(n,r, s)dA.

k=n+1

An application of Holder’s inequality shows that 0 < I(n,r,s) < 1 for all n,r,s. A

straightforward adaptation of Lemma 7.2.6 of [8] gives.

Lemma. Suppose that lim (inf I(n,r,s)) = 1. Then p' is absolutely continuous with
n—oo r,s

respect to pu and
n / /
d
H & — i in Ll(d,u).
e dp

Proof. The proof is, indeed word-for-word the same as that of Lemma 7.2.6 of [8], except
that at the top of Page 208 one should replace the phrase “just a Riesz product” with the

phrase “just a generalized Riesz product”. U

Proof of the Theorem



One has

n—+r n—+r
1
[T wepk)? = TTG e+ P = (o = pi))/ (o1 + p1)>)'
n+1 n+1
n—i—r
> H (pr + Pi) (1 = (k. — P1.)/(pr + 12)7)
n+1

since the term inside the square root is less than one.
Using the fact that for 0 < a; <1, [[(1 —a;) > 1— > a; we see that the right hand
side of the above inequality is bounded below by

2

n+r n+r n+r
1 1 .
1T 5 (Pl + ) = > | 10 5 (i +9i)(ps = pj) /1gf(pj(U) + ply(u)).
k=n+1 Jj=n+1 i:i;zj%l

(The third line in formula (16) of Graham and McGehee’s proof has a typo - the second
product should be a sum.)
By definition (2.1),
. 2
inf p (@) + (@) 2 2~ (3 1be()* + (o))

seSY
Using the fact that {Sy} is order-2 dissociate across the k’s, one has

n+r

/ H (pi + pi)( )h(n, r, s)d\

i= n+1
i#]

It now follows from our hypothesis, as on page 208 of [8], that liminf I(u,v,s) = 1
and so p/ << p. O

(4.2) Corollary. Let p be a generalized Riesz product as above.
o0

2
Then > >~ |be(s)bu(®)| = oo if and only if p L A
k=1 s;étGSg
Proof. Note that Lebesgue measure ) is the generalized Riesz product defined by b} (s) =

0Vs € Sk. In this case the necessary condition of Theorem (4.1) and the sufficient condition

of Theorem (3.5) coincide. O
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(4.3) Definition Let i be a generalized Riesz product based on the sequence {S},
which is dissociate across the k’s and associated to the sequence {by(s) : s € S} with

S bk (s)]? < oo for all k. Let P be a subset of the integers and define

/ _ bk(S) lfk‘GP,
bk(s)_{ovsesk if k¢ P.

Then form the measure ;' based on {Si} and associated to {b} }. We refer to the process
of going from p to y/ as thinning out y with respect to P.
Corollary (4.2) immediately yields

(4.4) Proposition. (i) If p is equivalent to Lebesgue measure then pu ~ p' for every p’
obtained by thinning out .
(ii) If o has the property that u ~ p' for every measure u' obtained from thinning out

W then p is equivalent to Lebesgue measure. U

Remark. By this proposition, in order to show that a certain generalized Riesz product is
singular with respect to Lebesgue measure, it suffices to show that there exists a thinned
out version of p which is singular with respect to Lebesgue measure. This result and

approach is the one taken by Bourgain in [2].
5. An Ornstein-type space of transformations

In [14], Ornstein introduced a collection of transformations which he dubbed class-
one, and showed that this collection contains mixing transformations. In fact, his argument
showed that in a certain sense, there is a set of positive measure of mixing transformations
in this class. We will not be concerned with mixing properties here, but rather with
singularity properties. To this end, Bourgain [2] showed that almost all of the Ornstein
class-one transformations have singular spectrum. As an application of the previous results,
we show how to construct an Ornstein type probability space of transformations and obtain

a Bourgain type result.

(5.1) An Example. We present here a specific example of a probability space of trans-
formations. The construction is based on ideas in [14] and will in the sequel, satisfy the

definition of a Class 1’ construction. This is a special case of a rank-one construction.

11



Recall that in a rank-one construction, we start with the unit interval, cut it into
my subintervals, place spacers a;;, 1 < ¢ < m; on top of each subinterval, and stack
these columns right-over-left. The transformation 7' is defined inductively as “going up
the tower”.

Here is the inductive step of our specific construction. We have a tower of height hy.
We cut this tower into m; = 10* pieces. To determine the spacers, we first select the
numbers z; for i = 0,---,10%. Set 2,0 = 0 = Ty 10+- Now randomly choose integers
Tpi, 1 <1< 10% from {—hg_1/2, -+, ht_1/2}. The spacers are i = Np—1+Tp; —Th i1
for i =1,---,10* in that order.

It is immediate that the lowest a spacer can be is 0 and the highest is 2h;_1. Further

the height of the next tower is
hir1 = 108 (hy + hp—y) .

To clarify the beginning, we set the heights hg = 0 and h_; = 0. The first height,
that of the unit interval, is h; = 1. It then follows that hy = 10*(1 + 0) = 10, and so on.
With this, we see that at the first three stages all the z’s are zero (i.e., 1, =0, 22, =0

and z3; = 0).

Let X = {—hp_1/2,--,hp_1/2}, with A\, = (2hj_1 + 1)~! the uniform distribution.
The first two happen to be X; = {0}, X5 = {0}. Then X3 = {—5,—4,---,4,5} because
hy = 10.

Now form the product probability space

co mp—1 0o
a=1] ﬁ X =[] X"
k=1 1 k=1

Every point w = {jk =k} + 1<k 1<i<m-— 1} € Q completely defines
the spacers and hence a transformation T;. We can thus speak of some property of the
transformations as occuring for almost all points of €.

Specifically, we wish to show that, for almost all points & the transformation T has
singular spectrum. In order to show this, it is sufficient to find a subsequence k,, so that

the associated polynomials py, are based on sets Sy, which are order-2 dissociate in both

12



senses. That this is true for almost all points will follow from the results in the sequel.
We point out here, that the probability argument is simply that at the k' stage we are
picking 10¥ — 1 integers from a set of size hj_1 + 1, where hy_1 = 10¥72(hj_o + hj_3) >
10%-210%=3...10 - 1 = 10(—1(k=2)/2 " So the probability is very high that they are all

different, as are the necessary differences and sums.

(5.2) Notation. In this section, we present the general construction of a space of Class
1’ transformations. We recall Ornstein’s original construction and set some notation. The
construction is re-explained in [2], and some related constructions (rank-one) are found in
[6] as well as N. Friedman’s book [7]. Our notation and conventions are slightly different

from these sources.

Let {my /" oo} and {x,; > 0} be fixed sequences of integers. Start with the unit
interval Cy and divide it into m; equal subintervals. Above each, a; ; spacers are added,
and these are stacked, (the right subcolumns placed on top of the subcolumn to their
immediate left), into a single column Cy of height hy = my + Z;n:ll a1,;. This procedure
is continued inductively. At the kth stage, column C}%_; is divided into mj equal parts
and ay,; spacers are put above the jth column of Cj_; to obtain a stack of height hj =

mg
mihi—1 + 325" ak. ;-

For a general rank-one transformation there is no restrictions on the number of spacers.

In the class-one case, however, one requires that 0 < ay ; < 2k for 1 < j < my_;.

More or less following the construction of Ornstein and Bourgain we choose num-
bers xx; € {—hr-1/2,...,hx—1/2} at random and place, on top of the jth column of
Cr-1, arj = hp—1 + xk,; — Tk, j—1 spacers. By convention, we set x3 o = 0. This is nearly
Ornstein’s construction. For a general (j, k) we have 0 < ay; < 2hy_; and he further
required the last spacer ag m, = Tk, m, — Tk,m,—1 to be chosen between 1 and 4. We will
say that the family of transformations so generated is of class 1’ as the sequences {my},

{1} are understood and fixed.

In the above construction, we have hyy1 = my(hg + hr—1) + Tk m, , and the sequence

{hx} is completely determined by specifying the sequences {my} and {xg m, }-

13



As in the earlier example, a transformation of class 1’ is given by a point in a proba-

bility space.

oo mr—1
Q:(H ﬁ X, @pZ; @1 _lkk)a

k=1 1
where Xy, = {—hp_1/2,...,h;x_1/2}, equipped with the uniform probability distribution
A = 1/(hk_1 + 1).

The rest of this section is devoted to proving the following

Theorem. If (ka)S/hk_l — 0 as £ — oo then for almost all points in 2 the transfor-

mation T has singular spectrum.
(5.3) Let w € Q. Define the sets
Sk ={j(hx + hx—1) + x5 1 1 < j <my}

and put

1
bk(S) = \/m_k Vs € Sg

We see immediately that Y __co [bx(s)[* = 1. We have from [6]
k

Theorem. The maximal spectral type of the transformation Ty is given by the generalized

Riesz product associated with {S;} and {by}, modulo some atoms. O
(5.4) As an immediate application of Theorem (3.5) we have

Theorem. If the sequence {Sj} is order-2 dissociate across the k’s with each Sy, order-
2 dissociate, then the maximal spectral type of T is singular with respect to Lebesgue

measure.

Proof. For such a sequence {Si} of sets, let 1 be the generalized Riesz product constructed

above and let A\ denote Lebesgue measure. Then

1 mk—l
R
#teS M e

s;étESO
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When summed over k this is clearly infinite. Since any atoms not included in the gener-

alized Riesz product are already singular to Lebesgue, the conclusion follows from (3.5).

l

In a similiar way, using (4.2) we have
Theorem. If there is a subsequence {Sy, } which is order-2 dissociate across the k,’s with
each Sy, order-2 dissociate, then the maximal spectral type of 1y, is singular with respect

to Lebesgue measure.

(5.5) We now present conditions which imply the various dissociate conditions we need
for a class 1’ transformation.

Given a point @ define

2K
D enthi, in #im if n#Emen € {—K,~K+1,---K —1,K},

n=1

D = Dri(@) =
2K 2K
Lo lenl #F0, 12077 e S K.

Observe that Dk, C Dgy1,k, and that Dg j is symmetric, i.e. —d € Dk whenever

d € Dk . Recalling, that Sy = {j(hy + hx—1) + 21 : 1 < j < my}, we have

Dy (Sk) = {(i — ) (hg + hy—1) + aF — 2%}

where 1 < i # j < my. We will see that the dissociate properties for S; will be controlled
by the differences (order-1 and higher) of the z ;.

Lemma. The only way two of these sums in D;(Sk) can be equal is if (j — i) = (§' — ')
and Ty ; — Tri = Tk j2 — Thi'-

Proof. Suppose

(G —1) = 7 =) (b + Aur) = (kg — 1) — (n — 00

If the LHS is not zero, then it must be bounded below by hy + hr—1 = mg_1(hg—1 +

hi—2) + hx—1 > 3hi—1 (by symmetry we can assume positivity). But the RHS is bounded
above by 4 - hy_1/2 = 2hj_1. O
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As a corollary, we have

Lemma. If all the sums in D; (w) are distinct then Sy is order-1 difference dissociate.

Next we examine

Dy(Sk) = {((j — i) = (3 =) (hi + ho—1) + (zrj — Tis) — (zhjr — iﬂkw)} -

By similiar arguments we have

Lemma. If my > 4 then the only way two of these sums can be equal is if (j; —i1) — (j] —
i) = (j2—1i2) — (5 —i5) and (24, —This) = (T,j; = Thig) = (Traje —Thoin) = (T3 —Thig)-

Lemma. If all the sums in Dy j(w) are distinct then Sy is order-2 difference dissociate.
In order to show all the sums are distinct we use the following

Lemma. If 0 ¢ Dy ;(w) then Sy is order 2 dissociate.
Proof. If two of the sums in Dj ;(w) are the same, then their difference gives a sum in

Dy i (w) which adds to 0. O

(5.6) Now we can ask about the probability of this. The situation is that we are picking
my — 1 numbers from a block of size hxy_; + 1, and asking for an upper bound on the
number of ways that 0 = Zf €nZy.;, . In particular, each of the 8 €, can take on one of 9
values; the 8 indices i,, can occur in (m’“g_l) ways; 7 of these 8 zj;, can roam through the
hi_1 + 1 different values - the 8" then being determined; and the other (my — 1) — 8 Tk j
can take on any of the hy_1 + 1 values. Thus we have
my, — 1) (hia + ™2 (9my.)"

8 (hg—1 4+ 1)me—t hp-1

Lemma. Pr(0 € Dy()) < 98(
From this it is an easy conclusion that

Theorem. If (9mk)8/hk_1 — 0 as k — oo then for almost all points in €2 there is a

sub-sequence k; along which each Sk, is order-2 dissociate.

(5.7) Now we study dissociativity across the k’s.
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Suppose we have a point @, and a finite sequence ki, k2, -, k,_1 so that these Sy
are order-2 dissociate in both senses. Let W be the set of order-2 words formed from the
sequence {Sy,}7~!. Look at the differences of these, which can be considered as order-4
words. Consider an Sy, . Look at the differences of the integers in Dy (Sk, ) (which could

be considered in D4 (Sk,)). If the intersection of these two finite difference sets is empty,

Wi({Sk, }1 1) NDa(Sk, ) = 0, then S, is order-2 dissociate from the S, for 1 < j < n—1.
Define for a fixed L > 0
A k(L) ={o ={Z} : Drr(@)N{-L,---, L} =0}.

Lemma. Assume hy > 10L. If © € Ask (2L) then Dg (Sk)N{—L,---, L} = 0, and every
sum u + I, u € Dg(Sk) l € {—L,---, L} is unique.
Proof. A term u € Dk (Sk) is of the form uw = j(hy + hx—1) + d where d € D . Because
hy is so large in comparison to L, the only way this could be within the range {—L,---, L}
is if j = 0. But by assumption d ¢ {—L,---,L}.

Suppose u + 1 = u' 4+ I', then u —«' = 1" — 1. Since u — v’ = j(hg + hx—1) +d — d',
from the magnitude of hy we must have j = 0. But by assumption d —d" # 1 —['. O

Now we calculate the probability. For fixed [, —L <[ < L the probability that [ € Dy,
e |l = ZfK €nZr.qi, 1S analyzed in the same manner that we analyzed 0 = Z;l EnTh i, 1N
(5.6). Thus
(L+1)- (2K + V)ymy)*"

L . Pr(A L) >1-
emma. Pr(Ag (L)) e 71

Suppose for almost all points @ there is a sequence k1 (@), - - -, k,—1(@) along which we
have order-2 dissociate in both senses. Then for each of these w the differences of the order-
2 words (i.e., order-4 words) are contained in some {—L,---, L}, L = L(w). Thus we have
partitioned the space €2 into a countable number of disjoint sets €1;. By the lemma, for
almost all points we can find another k, (@) which, with the previous, is order-2 dissociate

in both senses. Therefore we have the following from which our main theorem follows.
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Theorem. If (9mk)8/hk_1 — 0 as k — oo then for almost all points in  there is a

subsequence k; = k;(@) so that Sy, is order-2 dissociate in both senses.
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