WITTEN DEFORMATION OF THE ANALYTIC
TORSION AND
THE SPECTRAL SEQUENCE OF A FILTRATION

MAXIM BRAVERMAN

ABSTRACT. Let F' be a flat vector bundle over a compact Rie-
mannian manifold M and let f : M — R be a Morse function.
Let g be a smooth Euclidean metric on F, let gf' = e 2t/ gF
and let p*%(t) be the Ray-Singer analytic torsion of F' associated
to the metric gf". Assuming that Vf satisfies the Morse-Smale
transversality conditions, we provide an asymptotic expansion for
log p3(t) for t — 400 of the form ag + ait + blog (L) + o(1),
where the coefficient b is a half-integer depending only on the Betti
numbers of F. In the case where all the critical values of f are ra-
tional, we calculate the coefficients ag and a; explicitly in terms of
the spectral sequence of a filtration associated to the Morse func-
tion. These results are obtained as an applications of a theorem
by Bismut and Zhang.

0. INTRODUCTION

0.1. The analytic torsion, p™°, introduced by Ray and Singer [RS], is
a numerical invariant associated to a flat Euclidean vector bundle F'
over a compact Riemannian manifold M. It depends smoothly on the
Riemannian metric g on TM and on the Euclidean metric g*" on F.
Let f: M — R be a Morse function. By Witten deformation of the
Euclidean bundle F' we shall understand the family of metrics

F —ot
g = ¢€ d

g, t>0 (0.1)
on F. Let p®9(t) be the Ray-Singer torsion of F associated to the
metrics g7™ and g/

Burghelea, Friedlander and Kappeler ([BFK3]) have shown (with
some additional conditions on f, cf. Section 0.2) that the function
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log p®%(t) has an asymptotic expansion for t — +oo of the form
n+1
log pf*5(t) = Z a;t’ + blogt + o(1). (0.2)
=0
Suppose that the dimension of M is odd and that the Morse function
is self-indexing (i.e. f(x) = index(x) for any critical point = of f).
Theorem A of [BFK3] implies that in this case (0.2) reduces to the
expansion

log p™(t) = ag + ast + blog (%) +0(1) (0.3)
and also provides formulae for the coefficients ag, aq, b.

In the present paper we apply the Bismut-Zhang theorem about the
comparison of analytic and combinatorial torsion ([BZ1, Theorem 0.2])
to prove that (0.3) remains true in the general case, when dim M is not
necessarily odd and the Morse function is not necessarily self-indexing.

In the case where all the critical values of f are rational we calculate
explicitly the coefficients of the asymptotic expansion (0.3) in terms of
the spectral sequence of a filtration associated to f. These calculations
are based on the descriptions of the singularities of the torsion obtained
by Farber [Fa].

Now we shall discuss the precise formulations of these results.

0.2. Assumptions on f, ¢ and ¢"M. Let f : M — R be a Morse
function. Denote by V f the gradient vector field of f with respect to
the metric g7, Let B be the finite set of zeroes of Vf.
We shall assume that the following conditions are satisfied (cf. [BFK3,
page 5]):
(1) The gradient vector field V f satisfies the Smale transversality
conditions [Sm1, Sm2] (for any two critical points x and y of f
the stable manifold W#*(z) and the unstable manifold W*(y),
with respect to V f, intersect transversally).
(2) For any € B, the metric g* is flat near B and there is a

system of coordinates y = (y',... ,y") centered at z such that
near x
n ' 1 index(x) ' 1 n ‘
g M= P fW =) -5 Y WP X W
i=1 i=1 i=index(x)+1

0.3. The Milnor torsion. The Thom-Smale complez is a finite di-
mensional complex generated by the fibers of F, (z € B) of F whose
cohomology is canonically isomorphic to H*(M, F'). The metric g* on
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F' defines the Euclidean structure on the Thom-Smale complex. The
Witten deformation gf' = =2/ ¢! of the metric on F' determines the
deformation of this structure. We shall refer to this deformation as to
the Witten deformation of the Thom-Smale complex.

The Milnor torsion p™(t) is the torsion of the Thom-Smale complex
corresponding to the metric g/" on F.

Lemma 0.4. The function p™(t) admits an asymptotic expansion as
t — 400 of the form

log pM(t) = a + Bt + o(1). (0.4)
Lemma 0.4 is proved in Section 2.9.

0.5. The case where all the critical values of f are rational.
Suppose now all the critical values f; < --- < f; of f are rational. In
this situation we shall calculate the coefficients a, 3 of the asymptotic
expansion (0.4).

Assume that d € N and pq,... ,p; € Z are such that

f=5 (<i<i. (0.5)

After the change of the deformation parameter ¢ — 7 = e~ 4 the Wit-
ten deformation of the Thom-Smale complex satisfies the conditions
of Theorem 6.6 of [Fa]. Hence, the coefficients «, 3 of the asymptotic
expansion (0.4) may be calculated in terms of the spectral sequence of
this deformation (cf. Section 3.2). This spectral sequence admits the
following geometric description.

Let m, k € Z be such that (m — k)/d < f(z) < m/d for any = € M.
We define the filtration @ = U%...1U* = M on M by

m—1i m

Ui:fl{ d ' d

In Section 5 we show that the spectral sequence of the Witten defor-
mation of the Thom-Smale complex my be expressed in terms of the
spectral sequence (EP d,) associated with this filtration.

Remark 0.6. The filtration (0.6) and the spectral sequence (EP,d,)
depend on the choice of d in (0.5). Unfortunately, the spectral sequence
associated with seemingly more natural filtration @ = V% .. .1V! =
M, V= f1[f;;m/d] is not connected to the spectral sequence of the
Witten deformation.

} (0<i<k). (0.6)

Let p* be the torsion of the spectral sequence (EP?, d,) (cf. Defini-
tion 4.14). Note that our definition of the torsion of a spectral sequence
is slightly different from [Fa] (cf. Remark 4.15).
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Proposition 0.7. If all the critical values of f are rational, then the
coefficients a and (3 in (0.4) are given by the formulae

a = log p**%; (0.7)
1
8= _E( > (=1 (p+q) Y r(dim EP? — dim Effl)).
P20 r>1 (0.8)

Proposition 0.7 is proved in Section 6.

Remark 0.8. The assumption that the critical values of f are rational
does not seem natural. It would be very interesting to obtain formu-
lae for the coefficients «, 5 of (0.4) without this assumption. These
formulae would represent «, 3 as functions of the critical values of the
Morse function f. Unfortunately, those functions are not continuous.
One can show that they can have jumps when the numbers fi,... , f;
are rationally dependent.

Note that, if the critical points of f are not rational, the substitution
t — 7 = e 4 is not defined and, hence, Farber’s theorem can not be
applied to the study of the Witten deformation of the Thom-Smale
complex.

0.9. Notation. Following [BZ1], we introduce the following defini-
tions.

Let VI be the Levi-Civita connection on T'M corresponding to the
metric ¢7M | and let e(TM,VTM) be the associated representative of
the Euler class of "M in Chern-Weil theory.

Let (T M,VT™) be the Mathai-Quillen ([MQ, §7]) n— 1 current on
TM (see also [BGS, Section 3] and [BZ1, Section IIId]) which restric-
tion on T'M/{0} is induced by a smooth form on the sphere bundle
which transgresses the form e(TM,VTM).

Let VI denote the flat connection on F and let 6(F,g") be the
1-form on M defined by (cf. [BZ1, Section IVd])

O(F,¢") =Tr [(¢") 'V g"]. (0.9)
Set
Y(F) = Z(—w‘ dim H* (M, F), (0.10)
Y'(F) = Z(—U% dim H*(M, F), (0.11)
Te2[f] = > (1) f (). (0.12)

zeB
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Our main result is the following

Theorem 0.10. Let p?9(t) be the analytic torsion corresponding to the
metric gf' = e #/ gt

(i) The function log p®°(t) admits an asymptotic expansion for t —
+o00 of the form

t
log p™5(t) = ag + a;t + blog (—) + o(1), (0.13)
T
where
n 1,
b="(F) ~ LX(F) (0.14)

and ag, ay are real numbers depending on f, g¥ and g™™.

(i1) Assume that all the critical values of f are rational and let the
integer d and the spectral sequence (EP?,d,) be as in Section 0.5. Then
the coefficients ag and a; in (0.13) are given by the formulae

ap = log p** — 1/ O(F, g") (V) p(TM, V),
2 Jm (0.15)

a1 = —rk(F) /M fe(TM, V™M)

1
- Z (=1)P*(p + q) Z r(dim EP? — dim EPY) + tk(F) Tr2[f].
P.a>0 r>1 (0.16)

Remark 0.11. The Witten deformation is a deformation of an ellip-
tic complex. If this deformation were elliptic with parameter ([Sh],
[BFK1]) then, by [BFK1, Theorem A.3], its torsion would have an as-
ymptotic expansion for ¢ — oo, whose coefficients would be given by
local expressions. It fails to be elliptic with parameter precisely at the
critical points of the Morse function f. In [BFK3], Burghelea, Friedlan-
der and Kappeler used the Mayer-Vietoris formula for elliptic operators
([BFK1]) to show that its torsion continues to have an asymptotic ex-
pansion with coefficients which are not local anymore. Theorem 0.10
provides explicit formulae for these coefficients.

Remark 0.12. The connection between the asymptotic behavior of the
analytic torsion and the spectral sequence associated with the defor-
mation was discovered by Farber [Fa]. We discuss Farber’s results in
Section 4.

In [DM], Dai and Melrose have obtained the asymptotic of the Ray-
Singer analytic torsion in the adiabatic limit. Their result is also ex-
pressed in terms of a spectral sequence.
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0.13. The case where the Morse function is self-indexing. Sup-
pose now that the Morse function f : M — R is self-indexing and
choose d = 1 (cf. Section 0.5). For 0 < i < n, let m; denote the
number of z € B of index i. Then (cf. [BZ1, page 30]) the spectral
sequence (EP4 d,) degenerates in the second term and

dim EPY {mp rk(F), if ¢=0;

0, if ¢#0.
. ‘ (0.17)
dim E7 dim H?(M, F), ?f q=0;
0, if q#0.
Hence,
S (—1 9 (p+q) 3 r(dim B2 — dim B2, ) = rk(F) Te2[f] — /().
P.a>0 r>1 (0.18)

Also, the torsion p** of the spectral sequence is easily seen to be equal
to the Milnor torsion p™.

We obtain the following corollary (cf. [BFK3, Theorem A], [Br
Theorem 0.4])

Corollary 0.14. If the Morse function f : M — R s self-indexing,
then the coefficients ag, a; of the asymptotic expansion (0.13) are given
by the formulae

= log p™ — 1/ O(F, g")(V f) (T M, V™),
2 Jm (0.19)

a; = —rk(F) /M fe(TM, V™) 4 /(F). (0.20)

0.15. The method of the proof. Our method is completely different
from that of [BFK3]. In [BFK3] the asymptotic expansion is proved
by direct analytic arguments and, then is applied to get a new proof of
the Ray-Singer conjecture [RS| (which was originally proved by Cheeger
[Ch] and Miiller [Miil]).

In Section 8 of the present paper, we use the Bismut-Zhang extension
of this conjecture ([BZ1, Theorem 0.2]) to get the following proposition

Proposition 0.16. Ast — 400, the following identity holds
log p™(t) — log p™(t) =

_%/M (F, g")(V ) p(TM, V™) — t1k(F / fe(TM, V™M)

+trk(F ( - -X F)) log (%) +o(1). (0.21)
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Theorem 0.10 follows from Proposition 0.16, Lemma 0.4 and Propo-
sition 0.7.

Acknowledgments. I am very thankful to Michael Farber for ex-
plaining me the role of the spectral sequence of a deformation and for
valuable discussions.

1. THE TORSION OF A FINITE DIMENSIONAL COMPLEX

In this section we follow [BZ1, Section 1lal.

1.1. The determinant line. If X is a real line, let A=! be the dual
line. If F is a finite dimensional vector space, set

detBE= /" (E)
Let
Ve,0): 0-V0 L. . Lyn (1.1)

be a complex of finite dimensional Euclidean vector spaces. Let H*(V) =
@, H (V) be the cohomology of (V*,9). Set
det V* = ) (det Vi)V, (1.2)
=0
~ RN bl
det H*(V) = Q) (det H’(V)) . (1.3)
=0
Then, by [KMu], there is a canonical isomorphism of real lines
det H*(V') ~ det V°. (1.4)

1.2. Two metrics on the determinant line. The Euclidean struc-
ture on V'* defines a metric on det V*. Let || - ||qet re(v) be the metric
on the line det H*(V') corresponding to this metric via the canonical
isomorphism (1.4).

Let 0* be the adjoint of d with respect to the Euclidean structure
on C*(W* F). Using the finite dimensional Hodge theory, we have the
canonical identification

H(V*0)~{veV': dv=00v=0}, 0<i<n.
(1.5)

As a vector subspace of V¢ the vector space in the right-hand side
of (1.5) inherits the Euclidean metric. We denote by |- |get me(vy the
corresponding metric on det H*(V'). We shall refer to this metric as to
the Hodge metric on det H*(V).
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The metrics || - ||aet #re(vy and | - |det mre(v) do not coincide in general.
We shall describe the discrepancy.

1.3. The torsion of a finite dimensional complex. Set A = 90* +
0*0 and let IT : V* — Ker A be the orthogonal projection. Set [T+ =
1 —1IL

Let N and 7 be the operators on V* acting on V* (0 < i < n) by
multiplication by 7 and (—1)¢ respectively. If A € End (V*), we define
the supertrace Trs[A] by the formula

Tr,[A] = Tr[T A]. (1.6)
For s € C, set
¢V(s) = = Try [N(A)*ITH].
Definition 1.4. The torsion of the complex (V*,d) is the number

o= (24510,

We denote by A’ (0 < i < n) the restriction of A on V. Let {)‘3}
be the set of nonzero eigenvalues of A’. Then

(1.7)

1 L
log p = 5 Z(—l)%log Aj- (1.8)

7:7j

The following result is proved in [BGS, Proposition 1.5]

|+ Naes oy = | - lact mrevr) - p- (1.9)

2. THE MILNOR METRIC AND THE MILNOR TORSION

In this section we recall the definitions of the Milnor metric and the
Milnor torsion and prove Lemma 0.4.

2.1. The determinant line of the cohomology. Let H*(M, F) =
@, H' (M, F) be the cohomology of M with coefficients in F' and let
det H*(M, F') be the line

det H*(M, F) = é) <det Hi(M, F))(_l)i. (2.1)

1=0
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2.2. The Thom-Smale complex. Let f: M — R be a Morse func-
tion satisfying the Smale transversality conditions [Sm1, Sm2] (for any
two critical points x and y of f the stable manifold W*(z) and the
unstable manifold W*"(y), with respect to V f, intersect transversally).

Let B be the set of critical points of f. If x € B, let F, denote
the fiber of F' over z and let [IW*(z)] denote the real line generated by
Wt(x). For 0 <1i < n, set

C'W"F)= @ W) @k F (2.2)

reB
index(x)=1

By a basic result of Thom ([Th]) and Smale ([Sm2]) (see also [BZ1,
pages 28-30]), there are well defined linear operators

0:C (W F)— C"TH (W™, F),

such that the pair (C*(W™", F'), ) is a complex and there is a canonical
identification of Z-graded vector spaces

H*(C*(W*F),0) ~ H*(M, F). (2.3)
2.3. The Milnor metric. By (1.4) and (2.3), we know that
det H*(M, F) = det C*(W*, F). (2.4)

The metric g on F determines the structure of an Euclidean vector
space on C'*(W*", F'). This structure induces a metric on det C*(W*", F).

Definition 2.4. The Milnor metric || - ||} #re(ar, ) OB the line det H* (M, F)

(cf. [BZ1, Section Id]) is the metric corresponding to the above metric
on det C*(W*", F') via the canonical isomorphism (2.4).

Remark 2.5. By Milnor [Mil, Theorem 9.3], if g* is a flat metric on F,
then the Milnor metric coincides with the Reidemeister metric defined
through a smooth triangulation of M. In this case || - |42 e, ) does

not depend upon f and ¢’™ and, hence, is a topological invariant of
the flat Euclidean vector bundle F'.

Definition 2.6. The Hodge-Milnor metric | - |14 e, ) 00 det H* (M, F)

is the metric corresponding to the Hodge metric (cf. Section 1.2) on
det H*(C*(W*, F),0) via (2.4).

Definition 2.7. The Milnor torsion is the torsion of the Thom-Smale
complex (cf. Definition 1.4).

From (1.9), we obtain

| - HﬁgtH'(M,F) = ‘é\;{tH‘(M,F) ‘PM- (2.5)
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2.8. Deformation of the Milnor metric. The metric | - |14 He (M, F)
depends on the metric g*. Let g = e/ ¢" and let || - |37, ;7o (s, 1), De
the corresponding Milnor metric. Recall from Section 0.9 the notation

Tl[f] =) (~1)" @ f(a). (2.6)

reB
Obviously,

—trk(F)TrB[f] |

| - ||detH'(M e =€ [ - H{i\gtH'(M,Fy (2.7)

2.9. Proof of Lemma 0.4. Assume that g; is the metric on C*(W*", F')
induced by the metric g" = e7?/¢¥" on F. Let F € End (C*(W", F))
which, for x € B, acts on [W*(z)]* ® F, by multiplication by f(z).
Then, for any z,y € C*(W*", F') , we have

ge(2,y) = gole ™z, y). (2.8)
Let 07 be the adjoint of 0 with respect to the metric g;. Clearly,
OF = T e, (2.9)

Set Ay = 90;+0;0 and denote by A! the restriction of A; on C*(W*, F).
The number k* = dim Ker A! does not depend on ¢. Hence, the char-
acteristic polynomial det(A! — zI) of Al may be written in the form
~dim V' k!
det(A; —al) =2 Y al(t)a’, (2.10)
=0

where aj)(t) # 0 is equal to the product of the nonzero eigenvalues of
Al

Let p™(t) denote the Milnor torsion corresponding to the metric g/
From (1.8), we see that

log pM (t) = 12(-1)%%@). (2.11)

2¢
1=0
By (2.9), ai(t) is a polynomial in e__Qtfl,... e~ 2/t Hence, for any
0 <i < n, there exist real numbers o', 3* such that, for t — +oo,
al(t) = a'e® (14 o(1)). (2.12)

From (2.11) and (2.12), we obtain

n

log pM(t) = 12( 1)'iloga’ + tz )B4 o(1),
par (2.13)

completing the proof of the lemma.
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3. THE SPECTRAL SEQUENCE OF A DEFORMATION

3.1. A deformation of a complex. Let
(V*,00) : 0 V02 . 2oy (3.1)

be a complex of real vector spaces.

Denote by O the ring of germs at the origin of real analytic functions
of one variable t. By a deformation of (V*,09) we shall understand a
complex

(V*,0): 051V L Lyn 0 (3.2)
of O-modules together with a fixed isomorphism between the fiber V*®
O/tO of (V*,0) at the point t = 0 and (V*, 0p).

3.2. The spectral sequence. Given a deformation (3.2) of a complex
(3.1), we consider a short exact sequence of complexes

00—V Sy LB —0. (3.3)

Here t : V* — V* is the multiplication by ¢, B® is the quotient complex
B* = V*/tV* and q is the quotient map.

The exact sequence (3.3) induces a long exact sequence of cohomol-
ogy

o= H™(V)) SH(V) L H™(BY) SHM (V) — -
(3.4)
which may be rewritten as an exact couple
H*(V*) —  H*(V*)
AN / (3.5)
H*(B*)

According to the standard rules the latter generates a (Bockstein) spec-

tral sequence (£!,d,). To describe it explicitly set
Zi={seV: dset'V'*}. (3.6)

Then

T

r

Vi for r=0,
(3.7)

ZI(Z + 117027 for r >0,
and the differential
d, : Eﬁ' - 573'“ (3.8)
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is the homomorphism induced by the action of "0 on Z!. Then
He(&r,d,) ~ &, i.e. one gets a spectral sequence.
Note that the sequence (£, d,) is completely determined by (3.3).

4. DEFORMATION OF THE TORSION OF A FINITE DIMENSIONAL
COMPLEX

In this section we consider a one parameter family (V,0;) of finite
dimensional Euclidean complexes. This family can be considered as
a deformation of a complex and, according to the previous section,
gives rise to a spectral sequence. We define the torsion of this spectral
sequence. Finally we prove a theorem by Farber (cf. [Fa, Theorem
6.6]) which describes the asymptotic for ¢ — 0 of the torsion p(t) of
the complex (V, ;).

In this section we essentially follow [Fa].

4.1. A family of Euclidean complexes. Let
(V*,0,): 0 V02 . 2y g (4.1)

be a one parameter family of complexes of finite dimensional Euclidean
vector spaces. We shall assume that the operators

0, Vi V!

depend analytically on a parameter ¢ varying within an interval (—¢, ¢).
That means that 0; may be represented as a convergent power series

0y = 0y + 10 + - - (4.2)

with coefficients in End (V).

4.2. The germ complex. Set V' = O ®g V' (0 <i < n). The family
(4.1) can be understood as a single complex

(V*,0): 0L Lyn 0 (4.3)
of O-modules, where the differential J : V* — V* is given by
Os(t) = 0is(t) (s(t) € V). (4.4)

The complex (4.3) is called the germ complex (cf. [Fa, Section 2.5]).
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4.3. The parameterized spectral decomposition. Let 0; (—¢ <
t < €) be the adjoint of J; with respect to the Euclidean structure
on V*. Set Ay = 0,0f + 070;. For 0 < i < n, we denote by Al the
restriction of A; on V*.

By a theorem of Rellich [Re, §1, Theorem 1] (see also [Ka, Ch. 7,
Theorem 3.9]), there exists a family of analytic curves ¢%(t) € V* (1 <
j < dimV?) and a sequence of real valued analytic functions \(t) €
O (1 < j < dimV?) such that for any value of ¢ the numbers {\}(t)}
represent all the repeated eigenvalues of Af and {¢}(t)} form a complete
orthonormal basis of corresponding eigenvectors of Al

As the operators Aj are non negative for any ¢, the functions \;(t)
depend only on #2.

Suppose that X’(t) and ¢! (t) have been numerate so that there exist
integers 0 = Ny < Nf <--- < N < N}, = dim V"’ such that

(1) N(t) 1: 26X (t) with X;(0) # 0 for N +1<j < Nj,, 0<k<
m; — 13
(2) Xi(t) =0 for j > N}, + 1.

4.4. The torsion as a function of the parameter. For each t €
(—e,¢), we shall denote by p(t) the torsion of the complex (V*, 0;).
The following lemma follows directly from (1.8).

Lemma 4.5. The function p(t) admits an asymptotic expansion for
t — 0 of the form

o (1) = 5 (-1 S 108 0,0) + (-1 3 KNy — 8D ) o) + o)
=0 =1 i=1 k=1 )

Now our goal is to express the right hand side of (4.5) in terms of
the spectral sequence of deformation (4.3).

4.6. Let Vi (0 < k < m;) denote the submodule of V' generated by
the set {¢| Ni+1 < j < Nj,,}. Since the operator 9; commutes with
A for any t, we get OVj1V;!. Then the equality

(As(t), (1)) = 0es(B)II* + |07 s (1) I (4.6)
implies the following lemma.
Lemma 4.7. If N +1 < j < N}, then
d¢% € tFYT (4.7)
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4.8. The Hodge spectral sequence. Now we shall give a Hodge
theoretical description of the spectral sequence (£7, d,.) associated with
the deformation (4.3).

For r > 0 and 0 <17 < n, set

H} =span {¢5(0) : N} +1<j <dimV'hV" (4.8)

By Lemma 4.7, Z;lfjlv‘gil atgh(t) € Z! for any numbers a} € R.
j=ni+14595(0)

to the image of ZjinN‘ﬁrl ali(t) € Ziin & = ZI/(tZ] +t1T0Z]73).

Hence, there is a natural function @, : H? — £® which maps » |

Lemma 4.9. For any r > 0, the map ®, : H? — £ is injective.

Proof. Suppose that
dim V*

cp,,( > a§.¢;l(0)) = 0.
j=Ni+1
Then _
dim V* o
> dlgi(t) = ta(t) +t'TOB(1),
j=Ni+1

where o € Z!, 3 € Z'~1. Hence,

dim V'
> ae0)=tTop)| (4.9)
j=Ni+1 B
By Lemma 4.7,
tl"”aﬁ(t)) € span {¢(0): Ni_ +1<j<N}.
=0 (4.10)
Hence, (4.9) implies that Z?inN‘ZH a’¢5(0) = 0. O
By Lemma 4.7, there is a map 9, : H? — H; defined by
dim V' dim V'
5o Fh(0) = ¢+ Lot :
: Z ai¢l(0) =770 Z ajty(t)| (4.11)
j=Ni+1 J=Ni+1

Clearly, 62 = 0.

Let 6} : H» — H? be the adjoint of §,. Using (4.11) and Lemma 4.7,
we see that
0, i > Niy

(06" +070)9;(0) = § = N | < Ni
j A(0), i Np+1<j<Nog (419)
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From (4.8), (4.12), we get

HYy={heH : (66" +60)h=0} ={he H: 6h=205"h=0}.
(4.13)

The following proposition is equivalent to Theorem 3.3 of [KK]. A
particular case of this result was proved by Forman ([Fo, Theorem 6]).

Proposition 4.10. For allr > 0,
(i) The map @, : H* — &2 is an isomorphism.
(ii) 5, = ®71d,P,.

Proof. Following [KK], we shall prove the proposition by induction on
r.

The case » = 0 is obvious. For the inductive step, assume we have
proven that @, : H® — £* is an isomorphism and §, = ®1'd,®,. Then,
by (4.13) and the finite dimensional Hodge theory, €2, is isomorphic
to

{h €eH: Sh=0h= 0} =H;,,.
Then Lemma 4.9 implies that ®,, : H? | — £, is an isomorphism.
From the definition of d, and ¢,, we obtain ®, 10,11 = d, 11 P11, com-

pleting the induction step and the theorem. U
Corollary 4.11. For any 0 <i<n andr > 0,
dim & = dim V' — N/ (4.14)

As another corollary we obtain the following result by Farber [Fa, The-
orem 1.6]

Proposition 4.12. The spectral sequence (E2,d,) stabilizes and the
limit term &2, is isomorphic to the cohomology H*(V'*,0;) for a generic
point t.

4.13. The torsion of the spectral sequence. As a subspace of V'*
the vector space H? (r > 0) inherits the Euclidean metric. We denote
by p, the torsion of the complex (H?,d,) corresponding to this metric.
Note that, by Proposition 4.12, pny = 1 for sufficiently large N.

Definition 4.14. The torsion of spectral sequence (E2,d,) is the prod-
uct

P> = pop1 - .. PN, (4.15)
where N is a sufficiently large number.

Remark 4.15. The torsion of the spectral sequence of a deformation was
defined by Farber [Fa, Section 6.5] in slightly different terms. Note that
the torsion of a spectral sequence, as it is defined in [Fa], corresponds,
in our terms, to the product pi1ps...pN.
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4.16. Farber theorem. Using [Fa, Proposition 6.3], one can easily see
that the following theorem is equivalent to [Fa, Theorem 6.6].

Theorem 4.17. The function p(t) admits an asymptotic expansion for
t — 0 of the form

log p(t) = log p** + (Z(—l)“z Z r(dimé& — dimé’ﬁﬂ)) log(t) + o(1).

=0 r>1 (4.16)
Proof. By (1.8), (4.12), we obtain
1 ' Ny By
log p, = 5 > (1) > log Xj(0). (4.17)
=0 i=Ni+1
From (4.5), (4.14), (4.15) and (4.17), we get (4.16). O

5. DEFORMATION OF A FILTERED COMPLEX

In this section we apply Theorem 4.17 to a deformation of a filtered
complex. The results of this section are closely related to [Fo, Theorem
9.

5.1. The spectral sequence of a filtration. Suppose that

Voo : 0-v0L... Ly o (5.1)
is a filtered complex of real vector spaces with an increasing filtration
0=FRVaRVa..., V= JEV (5.2)

i>0

Denote by (EP?,d,) (r > 0) the spectral sequence of this filtration and
set B} = @,,,; BP9 Then (E},d,) is also a spectral sequence. We
shall need the following description of (E?,d,) (cf. [BT, §14]).

Let i : @2, F,V* — @,2, F,V* be the map induced by the in-
clusions F,V*® — F,;V* (p > 0). Consider the exact sequence of
complexes

0— PRV S@EV LB 0. (5.3)
p=0 p=0
The complex B*® is isomorphic to the associated graded complex grV®
of V°.
In a standard way, the exact sequence (5.3) gives rise to a spectral
sequence, which is isomorphic to (E’ d,). It follows, that (E’, d,) is
completely determined by (5.3).



WITTEN DEFORMATION OF THE ANALYTIC TORSION 17

5.2. The Rees complex. We shall construct a complex (V*,9) of O-
modules as follows

N X
Vi={) wvat": v €F,V,NeN}, V=PV,

m=0 =¥

0 Z vpt? = Z (Oup)tP. (54)

Note that the fiber of V* at the point ¢ = 0 is isomorphic to the
associated graded complex grV*® of V*. Hence, (V*,0) is a deformation
of grV*® in the sense of Section 3.1.

As in Section 3.2, we construct a short exact sequence of complexes

00—V Sy LB -0, (5.5)

which induces a spectral sequence (£, d,.).

Note that, as a real vector space, V* is isomorphic to @@ FjV'* and the
multiplication by ¢ corresponds under this isomorphism to the inclusion
i: @ FV* — @ FyV*. Hence, the exact sequences (5.3) and (5.5) are

isomorphic. Then so are the spectral sequences (E?,d,) and (£, d,).

5.3. Deformation of the torsion. Suppose that the dimensions of

the spaces V!, ..., V™ are finite. Then there exists k € N such that
F;V* =V* for any j > k. Let ¢*",... ,¢"" be Euclidean metrics on
VO ..., V" With these assumptions we shall present an equivalent

description of deformation (5.4).

Equip V = @;_, V" with the metrlc g = @, 9", which is the
orthogonal sum of the metrics ¢¥, ..., g"

Let II; : V* — F;V* (0 < j < k:) be the orthogonal projection. For
t >0, set

k

Ay = H(I; —I). (5.6)

j=1

The operator A, is invertible for any t # 0.
Define

5 — AT10A,, for t=#£0;
LS (I =T )O( — T ), for £=0. (5.7)

As in Section 4.1, the family of complexes (V4,0;) may be considered
as a single complex (V, ) of O-modules. Denote by A : V* — V* the
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map defined by the formula

N N
A Tatt =) (Ax)t. (5.8)
=0 =0

Then A is an isomorphism of complexes of O-modules. Hence, the
spectral sequence of deformation (V*,9) is isomorphic to (Ef, d,). Let
p** denote the torsion of this spectral sequence (cf. Definition 4.14).
From Theorem 4.17, we get

Proposition 5.4. Let p(t) be the torsion of the complex (V*,0;) asso-
ciated to the metric g¥'. Then p(t) admits an asymptotic expansion for
t — 0 of the form

o (1) = o + (32 (-1 9p-+9) Y (dim £27 — i EZ%) ) og(t) + o).
p,g>0 r>1 5.9)

5.5. Deformation of the metric. Fix m € Z and let g (t > 0) be
the metric on V' defined by the formula

gtv(x,y) = gv(t2mAt_2$,y). (5.10)

We denote by 9; the adjoint of 9 with respect to the metric g}. Then
OF = A20*A;?. Set

Ay = 00; + 0;0. (5.11)

Let 5;" be the adjoint of 9, with respect to the metric ¢g". Then
0F = A, 0" A Set

A, = 0,07 + 070, (5.12)

It is easy to see that Zt = A;7'A,A,. Hence, by the definition of the

torsion, we obtain the following lemma.

Lemma 5.6. For any t > 0, the torsion of the complex (V*,0) asso-
ciated to the metric g} is equal to the torsion of the complex (V*,0;)
associated to the metric g

6. PROOF OF PROPOSITION 0.7

In this section we assume that all the critical values of f are rational.
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6.1. A filtration on the Thom-Smale complex. Recall that the
integers d,m and k were defined in Section 0.5. The Thom-Smale
complex (C*(W*" F),0) possesses a natural filtration

0= FRC*(W" FnEB,C*(W" Fh.. AE,C*(W" F) = C*(W" F),
(6.1)
with
FC' W' F)= @ W @] exF,  (0<i<k).
r€EB (62)
f(@)>m*

We denote by (EP,d,) the spectral sequence of this filtration. This
spectral sequence is isomorphic to the spectral sequence of filtration
(0.6).

Let p** denote the torsion of the spectral sequence (EP, d,.).

6.2. Proof of Proposition 0.7. Recall that F € End (C*(W*", F))
was defined in Section 2.9. Let II; : C*(W*, F') — F;(C* (W™, F)) (0 <
j < k) be the orthogonal projection. Set 7 = e~a. Then 7 — 0 as
t — 400 and

e~ 2F — T?m(érﬂ‘(nj - Hjl))_2. (6.3)

Hence, by Proposition 5.4, Lemma 5.6 and (2.8), we see that, for ¢ —
+00,

log p™ () = log p* — ( D (=P p+q) Y r(dim B — dim Effl))é + (1)7)

0
P,q>0 >1 (6.

which is exactly Proposition 0.7.

7. THE RAY-SINGER METRIC AND THE RAY-SINGER TORSION

7.1. The L, metric on the determinant line. Let (Q°(M, F),d")
be the de Rham complex of the smooth sections of A\(T"M) @ F
equipped with the coboundary operator d”. The cohomology of this
complex is canonically isomorphic to H*(M, F).

Let * be the Hodge operator associated to the metric g”™. We equip
Q°(M, F) with the inner product

(0, @Yo ar, 1) = /M (o A %) o (7.1)

By Hodge theory, we can identify H*(M, F') with the space of harmonic
forms in Q°*(M, F'). This space inherits the Euclidean product (7.1).
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The Ly metric | - ]dRefH.(M ) on det H*(M, F) is the metric induced by
this product.

7.2. The Ray-Singer torsion. Let df* be the formal adjoint of d¥
with respect to the metrics g?™ and g*'.

Set A = dF'd"™ + d*d¥ and let P : Q°(M,F) — Ker A be the
orthogonal projection. Set P+ =1 — P.

Let N be the operator defining the Z-grading of Q°*(M, F'), i.e. N
acts on Q'(M, F') by multiplication by i.

If an operator A : Q*(M, F) — Q°*(M, F) is trace class, we define its
supertrace Trg[A] as in (1.6).

For s € C, Re s > n/2, set

¢(s) = = Trs [N(A)P7].

By a result of Seeley [Se], (f*°(s) extends to a meromorphic function
of s € C, which is holomorphic at s = 0.

Definition 7.3. The Ray-Singer torsion is the number

7 = enp (32210, (7.2

7.4. The Ray-Singer metric. We now remind the following defini-
tion (cf. [BZ1, Definition 2.2]):

Definition 7.5. The Ray-Singer metric || - ||dR£H.(M7 ) on the line
det H*(M, F) is the product

| - ||§e€H’(M,F) = |§£H‘(M,F) 'PRS~ (7.3)
Remark 7.6. When M is odd dimensional, Ray and Singer [RS, Theo-
rem 2.1] proved that the metric || - |9 e (1, ) 18 a topological invariant,
i.e. does not depend on the metrics g7 or ¢g¥". Bismut and Zhang [BZ1,
Theorem 0.1] described explicitly the dependents of || - |9 e, ) O
g™ and g% in the case when dim M is even.

7.7. Bismut-Zhang theorem. Let V7™ be the Levi-Civita connec-
tion on T'M corresponding to the metric g™, and let e(T'M, VTM) be
the associated representative of the Euler class of T'M in Chern-Weil
theory.

Let (T M,VT™) be the Mathai-Quillen ([MQ, §7]) n— 1 current on
TM (see also [BGS, Section3] and [BZ1, Section II1d]).

Let V¥ be the flat connection on F and let §(F, ') be the 1-form
on M defined by (cf. [BZ1, Section IVd])

0(F,g") =Tr [(¢") "'V g"]. (7.4)
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Now we remind the following theorem by Bismut and Zhang [BZ1,
Theorem 0.2].

Theorem 7.8 (Bismut-Zhang). The following identity holds

|- 18 e o T
log | i i ) —— [ 0P TV ) (T, T,

1 Wgee 2o o, 1) (7.5)

7.9. Dependence on the metric. The metrics || - ||dR£H.(M ) and
I 1134 1o (s, ) depend, in general, on the metric g*'. Let g/ = e=/ g"
and let || - ||det e,y and || - [ e, ) D€ the Ray-Singer and Mil-

nor metrics on det H*(M, F) associated to the metrics g/ and g™
By [BZ1, Theorem 6.3]

[ oY1y uEa ™) = [ oF g (V) u(TrL v
+ 2t k(F) / fe(TM, V™) — 2t rk(F) TYB[f]. (7.6)

From (7.5) and (7.6), we get

1o <|| ||detH‘MF ) :_/A/IG(F79F)(Vf)*w(TM7vTM>

|| ||detH' M, F)

— 2t 1k(F) / fe(TM, V™) 1 2tvk(F) Tv?[f]. (7.7)

8. PROOF OF PROPOSITION 0.16 AND THEOREM 0.10

8.1. For each t > 0, we equip 2*(M, F') with the inner product
(@ aranma = [ ansay, (8.1)
M

and we denote by | - |fefH.(M7F)¢ the Lo metric on det H*(M, F) (cf.

Section 7.1) associated to this inner product.
Let | - |24 e,y Pe the Hodge-Milnor metric on det H*(M, F) (cf.

Definition 2.6) assomated to the metric g/ on F.
From (2.5), (7.3) and (7.7), we get

log p™5(t) — log p™M(t) =

=3 | RN T M)~ n(F) [ perar o)

| L3
B et H*(M, F),t
+ trk(F) Try [f] + log (’ RS . (8.2)

“ldet H* (M, F),t
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Proposition 0.16 follows now from (8.2) and the following lemma:

Lemma 8.2. Ast — +oo,

o (M) = () = () Yo (1) o)

" Idet H*(M, F),t (8.3)

Proof. Let df* (t > 0) be the formal adjoint of d* with respect to the
inner product (8.1) and let A; = d¥df™* + d™*d*".

Let QZ’[O’”(M, F) be the direct sum of the eigenspaces of A, asso-
ciated to eigenvalues A € [0,1]. The pair (QZ’[O’I](M, F),d") is a sub-
complex of (Q°(M, F),d") and the inclusion induces an isomorphism
of cohomology

H QY (M, F), dF) ~ H* (M, F). (8.4)

Y the norm on Q;’[O’l](M, F') determined
oo (wu, ) the norm on C*(W", F)

We denote by || - ||Q:,[0,1](M’F

by inner product (8.1) and by || - |
determined by g/ (cf. Section 2.3).
Recall that F € End (C*(W*, F)) was defined in Section 2.9. Clearly,

”aHC'(Wu,F),t = ”6_tfa||0°(W“,F),07 (Oé € C.(WU7F))
(8.5)

For an operator T : C*(W*, F) — QVPY(M, F) we denote by T* its
adjoint with respect to the norms || - ||cew, )0 and || - ||Q;,[0,1](M7 o
In the sequel, o(1) denotes an element of End (C*(W*, F)) which
preserves the Z-grading and is o(1) as t — 0.
By [BZ2, Theorem 6.9], if ¢ > 0 is large enough, there exists an
isomorphism

e CH (WY, F) — Qp*Y(M, F)
of Z-graded Euclidean vector spaces such that
e;e; =1+ 0(1). (8.6)

By [BZ2, Theorem 6.11], for any ¢ > 0, there is a quasi-isomorphism
of complexes

P (Q;’[O’”(M, F),dF> - (C'(W“,F),@),
which induces the canonical isomorphism

H*(M, F) ~ H QY (M, F),d") ~ H(C*(W", F),9)
(8.7)
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and such that

£\ /AN
Pie; = % (—) (1+o0(1)). (8.8)
v
Here e (i)n/4_N/2
B, acts on [W*(z)]* ® F, by multiplication by e/(*) (£
In particular, for t > 0 large enough, P, is one to one.
Let P} denote the adjoint of P, with respect to the norms ||-||cew, r)0

and || - || o0 ,- From (8.6), (8.8) we get

denotes the operator on C*(W*, F') which, for z €
)n/47index(:p)/2‘

(M, F)
¢ n/2—N
PP — <_> (1+0(1)). (8.9)
T
Denote by Pt# the adjoint of P, with respect to the norms || - [|ce(we, 7).
and || - HQ?[O,I](M Pt Clearly,
Pf=pree, (8.10)

Hence,

PPt — G)W—N (14 o(1)). (8.11)

Fix 0 < i <n. Let o€ H(M,F) and let w; € KerA; be the
harmonic form representing o.
Denote by 87 the adjoint of d with respect to the norms |-

C* (W, F),t
(), and let 1T C*(W*, F) — Ker(897 + 97 0) be the
orthogonal projection. Then IIPw; € C*(W*, F) corresponds to o via

the canonical isomorphisms (1.5), (8.7).
As P, commutes with 0, we see that

and H : ||Q;’[0’1]

n/2—i
t _
Pw; € Ker 0, <—) (Pt#) lwt € Ker 8?.

T (8.12)

By (8.11), we get (%)nﬂ_i (E#)_lwt = (1 + o(l))tht. Then (8.12)
implies

TLPwe|

= [P

C* (W™, F) t C'(W“,F),t(l + 0(1))-

(8.13)
It follows from (8.11), (8.13) that

; n/4—i/2
Peilongn i = (2) s

Qe oy, F),t(l + O(t))'
(8.14)
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By (8.14) and by the definitions of the metrics | - |14 oM, F) g | i He (M, F)t

we obtain (8.3). O

The proof of Proposition 0.16 is completed.
Theorem 0.10 follows now from Proposition 0.16, Lemma 0.4 and Propo-
sition 0.7.
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